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» (1) Introduction and NWP

~ (2) Deterministic Chaos and Lorenz-96 model

~ (3) A toy model and Bayesian estimation

- (4) Kalman Filter (KF)

~ (5) 3D Variational Method (3DVAR)

~ (6) Ensemble Kalman Filter (PO method)

~ (/) Serial Ens. Square Root Filter (Serial EnSRF)
~ (8) Local Ens. Transform Kalman Filter (LETKF)
~ (9) Innovation Statistics & Adaptive Inflation



Today’s Goal

~ To understand minimum variance estimation
~ To understand maximum likelihood estimation
~ To understand assumptions in these estimations

~ To understand Bayesian estimation
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Two Major Streams of DA g ="

- Minimum variance estimation
- Kalman filter (KF)
- ensemble Kalman filter (EnKF)

 Maximum likelihood estimation
- 3D variational (3DVAR)

- 4D variational (4DVAR) N
- particle filter (PF) .
N\
N\
S
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x,=20°C x,= 30°C
A simple example: two thermometers (less reliable) (more reliable)
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Minimum Variance Estimation§g) ="

x; = x4 g, x ¥ truth
€ :random error

forecast

observation ., XU 4 &5

< * >: expectation

Assumption (1) : unbiased error

(x1) = () =x" & (&) =(g) =0

Assumption (2) : uncorrelated error

(€1 -&2) =0



Minimum Variance Estimationiz) ="

forecast X4 = xtru + &1 (1) unbias (Xl) — (Xz) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

x4 axq + (1 — a)xz & minimize variance of analysis (a)

(09)*

((x® = x)2) = {(@(x = x™) + (1= @) (x, = x'™))?)

= a%(e2) +M + (1 - a)%(ed)

definition of variance O :standard deviation

Vix) =E ((x — E(x))z) g’ =(g-¢) 2

O “:variance
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Minimum Variance Estimationfg) ="

xTU% + g, (1) unbias  {(x{) = (x,) = xt"

forecast X1

observation  x, xiru 4 sy (2) uncorr.  (g;6,) =10

x*=ax; + (1 —a)x,
(O'a)z = a20'12 + (1 — C()ZO'ZZ weighted average by variance (g% =accuracy)
03 of
0(0%)* Xt =t S5
=2a0f —2(1—a)of =0 oy + 0, o; T+ 0,
oa
2 0'2
0, _ 1
< = > > X1t 2 z(xz_xl)
of + o0, o1 + 0,
first guess increment




Minimum Variance Estimation§):

Kalman filter

M(): nonlinear model

Predicted state
estimate

Predicted estimate
covariance

Optimal
Kalman gain

Update estimate
covariance

Update state
estimate

Xlg = M(X{_1)

M: Tangent Linear model
H(): nonlinear obs. operator

H: Jacobian of H()
P: error covariance

Q: model error covariance

K: Kalman gain

P? = MPA M7 +Q
K, = PPHT[HP?HT + R| ™
¢ = [1- KH]P?

R: obs. error covariance

X% = Xlg + K, (y? — H(Xltj)) b: background

0. observation

a. analysis

analysis equation

of

xa:X1+

X>» — X
0_12+O_22(2 1)

first guess

iIncrement
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Maximum Likelihood Estimation

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x15) = p(x;zz):)’(x ) Bayesian Estimates

Posterior T constant (since they are given)

maximize p(x|x;,) © maximize p(x;5|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood



Maximum Likelihood Estimation

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

maximize p(x{|x) - p(x,|x)

Suppose x; & x, follow

1
Gaussian PDF N(x, o) pxilx) =
/Znaf

maximize p(xq|x) - p(x,|x)

(Xi—x)z
=P [_ Zaiz ]

. 1 1 (x1 — x)z (x — X)z
& maximize exp | — S — >
J2mo? [ 2mo 201 20,
x; —x)%  (x, — x)?
& minimize ](x)=(1 2) +(2 2)

o; o;



Maximum Likelihood Estimation

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation  x, xiru 4 sy (2) uncorr.  (g;6,) =10

minimize J(x) = > >
1 03
0 X1 — X Xy — X
U_ -0 -0 _
ox o; 05

analysis of maximum likelihood estimates

05 of
x% = > >X1 +— > X7
o{ + 0, o{ + 0,




Summary

weighted average by variance (0% =accuracy)

03 ot

a _——

x g2+ g2 +02+02
1 2 1 2
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(1) unbias {x;) = {x,) = xt"%

(2) uncorr. {(€1&,) = 0

minimum variance estimates maximum likelihood estimates

X1 o~ X2
N

a
o} X 03

tru
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 (a) P(x1,2 |x) “ ]
- p(xq]x) ! p(x,]x)-
20 15 10 5 0 5 10 ‘II5 20

(3) Gaussian error PDF
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Extension to multi-dims problems

The two thermometers’ example

(T —Ty)* .
pA(T) o< exp |[— > T =
i 20,
(T —Tp)* _
pp(T) < exp [— . =
! Op

A simple example: two thermometers

05Ty + 0;Tg

O'A +O'B

2

o, 1g
Ty +——— (Tg — Ty)
O'A-l-O'B

welghted average

RN

\

\

\

N

N—
T,=20°C Tg= 30°C

(less reliable) (more reliable)




Extension to multi-dims problems

The two thermometers’ example

: : 2
(T — T,)? . ogly+o T
b (T) o exp | — ZA) e _ OB Alp
i 2O-A i O-A + O-B
_ 2
(T - TB)Z 0y T
pp(T) < exp |— 52 =Ty + (TB —Ty)
_ og ? oi + 05
° welghted average
Uncertainty (reliability) Uncertainty (reliability)
of model forecasts of observations
/\ /

————————————————
""""""
ol R N

x% = x? +PPHT [HPPHT + R] (y? — H(xP))

~ d
\\\\\\\
\\\\\\
___________________

X: state P: state error covariance b: background
y. observation R: obs. error covariance a. analysis
H: obs. operator 0: observation
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Prediction (state)

b _ a
Xp = M(X¢—1) Prior Error Cov. PP
(flow-dependent!)

1= - --- === N I
1Prediction (error covariance) |

Kalman gain

K, = P’HT[HP?HT + R| ™

Analysis (state)
— b b
x; =x¢ +Ke(y? — H(X{))

|- —— T ———— == it |
1Analysis (error covariance)

obs error cov: R -



Summary

- Minimum variance estimation suppose

> unbias
» uncorrelated error

- Maximum likelihood estimation suppose

> unbias
» uncorrelated error
» Gaussian error PDF

» These solutions are identical

» when errors are Gaussian

~ Namely, minimum variance estimation gives optimal
analysis following Bayesian theory w/ Gaussian errors

- (FNDWHKREE) s/ \DEGEE (KF & EnKF) (&, sRZDHT
AP 2ARTE UTE W\ FADMEFE T DDIIEAME T, &
INDEUETE BT (. SSENH DI DTOREC—5T B.
JES. BREDHIANMIEIFKF & ENKFICEEFRUL\DIZ,
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Bayesian Theorem

, Likelihood  Prior
Posterior

P(A|B)P(B)
P(B|A) =
(B|A) PLA) .
Whole Event

P(B|A) - P(A) = P(AN B)



Bayesian Theorem: an example

An example: virus infection (e.g. COVID19) and inspection
- virus rate is 0.005 (0.5 %)

- inspection to people with virus =» gives positive (+) w/ 80 %
- inspection to healthy people  =» gives negative (-) w/ 90 %

Now, you have a positive result by the inspection!!!
=>» The percentage of having virus is only about 3.9 %.

4.0
Interpretation by cases = (0.0386 =~ 3.99
P Y 995 4+ 40 /o
Total Virus Rate Joint Inspection Result
50 x0.8 = 40 Positive (correct)
(virus) x0.2 = 10 | Negative (incorrect)

10000 :
9950 X0.9 = 8955 | Negative (correct)

(healthy) x0.1 = 995 | Positive (incorrect)




Intuitive Interpretation
w/o0 virus w/ i\liirus

(9950) (50)

- —00386~39=0:

995 440 _ 0206 3I%

incorrect positive (1&3F514£) 10% =» 995 correct positive (F&14%) 80% = 40



Bayesian Theorem: an example

An example: virus infection (e.g. COVID19) and inspection
- virus rate is 0.005 (0.5 %)

- inspection to people with virus =» gives positive (+) w/ 80 %
- inspection to healthy people  =» gives negative (-) w/ 90 %

Now, you have a positive result by the inspection!!!
=>» The percentage of having virus is only about 3.9 %.

Likelihood  Prior Prior: Prob. of virus
Posterior Obs: Prob. of positive
P(AlB)P(B) Likelihood: Prob. of positive given virus
P(B |A) — P(A) Posterior: Prob. of virus given positive
Obs
0.8 X 0.005
P(B|A) = = 0.0386 ~ 3.9%

(0.005 x 0.8 + 0.995 x 0.1)



Then,,,, so what?

Bayesian Theorem

pIX)p(x) _— pUlx)p(x)

p(xly) = PP pY) = p(»  [r@l0p)dx
<+—: forward Py) @ ; p( |k )P(t)
+— backward (EEIER) |[PE&L ) =

p( It )p(. )+p(° -.JPC--D

A,l\i
=)
I~

(negative)

>

ks

. w ‘ (positive)
backward causality !!!!



Bayesian Estimation

Bayesian Theorem (discrete)

plxdp(x)  plx)p(x)
p(y)  Xro1plx)p(x)

p(x;ly) =

X1 V1
. X2 Y2
p(x)
X
> X N
uniform distribution G y




Bayesian Estimation

Bayesian Theorem (discrete)

plxdp(x)  plx)p(x)
p(y)  Xro1plx)p(x)

p(x;ly) =

p(x)

X

uniform distribution

We would like to find x;
that maximizes p(x;|y)




Bayesian Estimation
Bayesian Theorem (discrete)

b ly) = pOIx)p(xi) _ pOlx)p(xi)
p(¥) k=1 P 1X )P (X))

Bayesian Theorem (general)

Likelihood Prior (uniform)

_pUp(x)  py[x)p(x)
p(xly) = .
Sosterior p() [ pOlpGdx constan

ot a

(: p(Y[x)p(x) )f c.of 0
[p(y18)p(8)do

We would like to find x maximize p(x|y)
that maximizes p(x|y) & maximize p(y|x)




Maximum Likelihood Estimation

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x15) = p(x;zz):)’(x ) Bayesian Estimates

Posterior T constant (since they are given)

maximize p(x|x;,) © maximize p(x;5|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/




