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» (1) Introduction and NWP

~ (2) Deterministic Chaos and Lorenz-96 model

~ (3) A toy model and Bayesian estimation

- (4) Kalman Filter (KF)

~ (5) 3D Variational Method (3DVAR)

~ (6) Ensemble Kalman Filter (PO method)

~ (/) Serial Ens. Square Root Filter (Serial EnSRF)
~ (8) Local Ens. Transform Kalman Filter (LETKF)
~ (9) Innovation Statistics & Adaptive Inflation



Today’s Goal

- Lecture: Kalman Filter (KF)

~ to introduce background error covariance
- to Introduce analysis error covariance
~ to introduce Kalman gain

- Training: Lorenz 96
- to develop Tangent Linear Model (TLM)
- to implement Kalman filter into L96



Review:
Minimum Variance Estimation

(88 =/\DEUHETE)



e Y

Minimum Variance Estimation§g) ="

x; = x4 g, x ¥ truth
€ :random error

forecast

observation ., XU 4 &5

< * >: expectation

Assumption (1) : unbiased error

(x1) = () =x" & (&) =(g) =0

Assumption (2) : uncorrelated error

(€1 -&2) =0



Minimum Variance Estimationiz) ="

forecast X4 = xtru + &1 (1) unbias (Xl) — (Xz) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

x4 axq + (1 — a)xz & minimize variance of analysis (a)

(09)*

((x® = x)2) = {(@(x = x™) + (1= @) (x, = x'™))?)

= a%(e2) +M + (1 - a)%(ed)

definition of variance O :standard deviation

Vix) =E ((x — E(x))z) g’ =(g-¢) 2

O “:variance



e~ 4

Minimum Variance Estimationfg) ="

xTU% + g, (1) unbias  {(x{) = (x,) = xt"

forecast X1

observation  x, xiru 4 sy (2) uncorr.  (g;6,) =10

x*=ax; + (1 —a)x,
(O'a)z = a20'12 + (1 — C()ZO'ZZ weighted average by variance (g% =accuracy)
03 of
0(0%)* Xt =t S5
=2a0f —2(1—a)of =0 oy + 0, o; T+ 0,
oa
2 0'2
0, _ 1
< = > > X1t 2 z(xz_xl)
of + o0, o1 + 0,
first guess increment
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Exercise

- to introduce Kalman gain w/ following
Equations

0
T XYXT) = X(Y +¥7)

0
— —_— T
S TXY) =Y



Assumption & Definition

Assumption (1) : unbiased error

xP = xt"¥% 4 gb (eP) =0
x4 = x4 g4 (e*) =0
yo — ytru 4+ g0 <£o> -0
|
H(Xtru)
Assumption (2) : uncorrelated error

(He? (e9)") = ((e))"HeY) = 0

since background and obs errors are independent
(Hef (e7)") # 0

He? €7

(e2(eP)7) = 0 Het
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X model state € R"
5 error

y observation € RP
M() | nonlinear model

M Jacobian of M € R™*"
K Kalman gain € R™*P
H() | nonlin. obs. operator

H Jacobian of H € RPX"
P model error covariance | € R™*"
R obs. error covariance € RP*P
n # of model vars.

p # of observations

m # of ensemble

tru | truth

b background

a analysis

t time

) observation

<> | expectation




Error Covariance

Variance, Standard Deviation

1 n _
Var(x) = ((x — (x))? ) = " 1(xl- — X)? Std(x) = /Var(x)

1=

Covariance )

Cov(x, ) = ((x — N (Y — (¥))) = —Z (x; — D) (Vi — )

n i=1

Correlation

Corr(x,y) = Cov(x,y)/Std(x)/Std(y) error symmetric

variance Cl)
Error Covariance / - ':'\
OO OO0

P2 = (e — (eD))(ef ~ (1)) = e = | B nmng

error \EII:IEIEIEIEI/
R = (£2(e2)7) covariance \O O O O O O

n
b — b 2
P and R are symmetric matrices by definition. ) = lel(et)l



Linear Approximations

Tayler series (scalar)

f@ @

fx+e)=f)+——(@+——(&" + -
Tangent Linear Model (TLM)
M(x + £) = M(x) + Me + 0((g)?)
~ M(x) + Mg where M = (M /0X)|4
attractor ,
of analysis / M is the linearized model

7/ attractor .
of truth fOI‘ propagatlng errors.

M (x) ® (M cannot be used to x)

M(x + €)

- -
= -
o

M(x) + Mg

— .— M = (0M/0x)|xa
t-1 t time




Forecast Error Covariance

State Prediction

‘ x{% = MxI"™) suppose that M=Mtu

Error Prediction

gl = xb — xtru

—_ M(Xtru + £t 1) M(Xtru
= M+ M, &} ; + M— )
t—1 t—-1€t-1 .1 t—1
~ M;_1&_4
Error Covariance Prediction
T
= <£lg (3?) > ~ Mt—1<£?—1(£?—1)T>Mz,T—1
‘ Pz? ~ Mt—1PthL—1MZ—1

M; 1 = (OM/0X)|ga = Tangent Linear Model (Jacobian of M)



x¢ = x? + K(y? — H(x)) H(x¢) ~ H(x{™) + Heg

x{ =xg " =x¢ =x¢ "+ K(y? — H(x¢™) — Hey)

& s? — slg + K(sg — Hslg) No correlation b/w Hslg and €7

PEN 8? = (I — KH)S? + ng (Hslg (8?)T> = (SIL? (KE?)T> =0

Pe = (££(e2)") = (1 - KH) (e} (e2) ) (1 - KR)T

+K(e2(e2)T)KT + M

P8 = (2(e®)T) = 1 — KH)P?(1 — KH)T + KRK”



Kalman Gain

- KF minimizes analysis error variance
=» to find K that minimizes trace(P?)
o(tr(P#))/0K = 0
.y (tr ((1 — KH)P?(1 — KH)T + KRKT)) /0K = 0
< 0 (tr(P? — KHP? — P2 (KH)" + KHP? (KH)” + KRK") ) /0K = 0
& 0— (HP?)' — (HP?)' + 2KHPPHT + 2KR = 0
< K(HPPH” + R) = PPHT

& K = PPHT(HPPHT +R)

0 0
Eq. (1) a—Xtr(XYXT) =X(Y+Y") Eq. (2) a—xtr(XY) =Y’



Analysis Error Covariance
Substitute K = PLPHT(HPLPHT + R)_1
into P? = (I - KH)P?(I — KH)” + KRK”

P = (I1- KH)P?(I— KH)” + KRKT
= P? — KHP? — (KHP?)' + KHP?HTKT + KRK”
= P2 —PP’HTS™'HP? — P’ H”S 'HP? + KSK’
= P2 — 2P/H"S 'HP? + PPHTS~'HP?
= P? — P’HTS'HP?

= (I — KH)P?
where S = (HP?HT + R)



Kalman Filter

Prediction (state)
b _ a
Xy = M(X¢_1)

Prediction (error covariance)

P/ = MP2  M” +Q

Kalman gain

K, = P’HT[HP?HT + R| ™

Analysis (state)

x¢ = x¢ + Ko (yf — H(X?))

Analysis (error covariance)

P¢ = [I - K.H|P?

Prior Error Cov. P?
(flow-dependent!)

obs error cov: R -




a a -
/X0, PE, S

Prediction
(t-1 > 1)

Xlg = M(X{—1)

P? = MPA M7

Background l

[ XUP

/xire [/

Analysis ‘

K, = P’HT[HP?HT + R] ™

Observations

x¢ = x¢ + Ko (y2 — H(x?))

[/ YORH L

P# = [1 — K.H]P?




Tangent Linear Model (Numerical¥y#) ="

Require: to get M such that €2 = Me?. ;, M = (OM/0x)|xa

— jth column
E C;ﬂ> E Jth column of M describes
e | = C.*> R " how error ofjtf; variable
- J propagates
E/ gig \ CDD / variable 0
\a/ \ 1 J\; / 0\
0

M(X? + de; )=~ M(x?) + Moe; where €; = | 0
jth
a a @ variable
M (x$ +6ej):M(xt) \O/
< Me; = S 0 0 K1
Jjth element computable (e.g. 10—5)
of M

-~ repeat these steps for j=1,---,n (e.g. n=40 for L96)



Environmental
Prediction
Science

Laboratory

Training Course



y/ X Environmental
“/2" Prediction
U Science
7 Laboratory

DA Study w/ 40-variable Lorenz-96

Lorenz-96 model (Lorenz 1996) For j=1,...N, X=X,
reert N 7Yy )+

Advection term Dissipation term Forcing term

NFERET N « T— X FULEREM OHE 2 — X

Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

B : @5 N%E T Lorenz D 40 ZE =51 (LLF L96; Lorenz 1996) #{#i» THED
T2 FELEHOKEL ., RALEBET Y. 7— 2L AT L2 FEPRIC, 0262
—FAVIFRILT NFEETY v 77— 2FHLICBIT 2 LB TEX 3 ) RBERH
LN a

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a data assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.




Text Books
@ Tramlng Description

pswd: ceres

WV Education | Kotsuki Lab.(s] =
<« C Bl ps://kotsuki-lab.com/internal-pages © 8 o= /

/
/

Kotsuki Lab. /

Environmental Prediction Science, Kotsuki Laboratory, Center for Environmental Remote Sensing (CEReS), Ch]bi University

IHFARE FEXFE - JRVUE-MLILOTREL Y- /
/

Contact &‘ccess Ed

EIEFARNF -

Recruit

Gallery

Research Achievements Members News

TWICDOWT /

o MRZELLTERLTVBHEEILFLYO—BEAMULTVET. /

S OB /

Python 7045
HERPIFHUESTE - python¥ =2 7JL - APYE (fn Japanese & English)

o 2020FRE. JOUS 'S [s(3pythonTT.
#HEUPDATERTT.

o PythonMannual_v20210928.dox /

Data Assimilation Training Courge (in Japanese & English)

KotsukiLab_L96Training_v20210916.zip

-
o currently ur‘Dubhc please send an email to ( kotsuki.lab(at) gmali com ) to geme'u'asﬁ!ord-fou— — o .

NFERET N « T— X ALEREN OHE 2 — 2
Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

(LLF L96: Lorenz 1996) #{#i- TH D
F=2{Ls AFLEERIC, 02 b3
KRy Tl X 5 ) SEREE Y

gng: % h4E 71 Lorenz D 40 =T 1
— 2L FEEHOREL ., A RIWETT I .

—%4y7¢5:&1,U$%%Uyy+%—awwuﬂfé

% (ki

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are

going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a darta assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.

ﬁﬁ ! UToRExELEEL, BL T, BHEELT 7y b 7 —LikRb %
. BIRED MTG KB T, #ABMEH LHE L., FESLZANL Tv < "B MTG
@ﬂhg\hﬁ%?cﬁﬂﬂfli“ﬂ?éifﬁ”hidﬂ:ﬁﬂwffi o Y o, TSRO
% 7z python 233w, 72 HKECR A EHECo—F 4 v 7338, Thui,
BHEMRAL B L TIEL {BEL Tu 22 HEZTE &b,
Method: Implement and solve the following problems yourself. Any programing languages or
platforms can be used in this exercise. At the Kotsuki Lab. mtg, each personnel will report the
progress, and try to solve the problems. Questions are accepted during the MTG as well as at
the office when necessary. As for the programing language, python, which is easy to perform
matrix operations, is recommended unless specific language is preferred. Also, you should
code in double precision instead of single precision. Otherwise, confirming whether

performing properly or not compared to the previous studies will not be possible.

https://kotsuki-lab.com/internal-pages/
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3. L96 % 2 FHBEH L. BRI 1 ENEHAC YTy 7L LTETS, B¥ 1 0% 6 5
HEICRIFL, TNEZEEE 35, Metsenne Twister K72 & DHEE O B WELEUER 7
027 LERCTHE ] OERDWERMEZERT 5. O, e A+ 77 LFETEML
EEDBERIN T 25 2ERL T 5, £DLT, REFELL 6 REEOE[EICEL C
AT, AlicfRET 2, Thz@lllT—2L 35,

3. Integrate L96 for 2 years and discard the first year as a spin-up. The latter half of the year

is saved every 6 hours, and this is set as the true value. A normal distribution random

number with variance 1 is generated using a random number generation program with
good properties such as the Metsenne Twister method. At that time, confirm that the
intended random number is generated by using a histogram. Then, add the random
numbers to the saved true value (nature run) every 6 hours and save them separately.

This is used as observation data.




® independent

simulation @

% 2 Environmental
A /4% Prediction
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o/ Laboratory

also known as Idealized Twin Experiment

4 forecast A

PN
\ \ J
b Wt
0
»
7
==l 10
30 =
-20 o [
=10 T -10
0 =
»

Simulation Model

@ nature run

\\—f J

\

analysis
@ Data
Assimilation
J

\
" observation ® A
® o ®
o o
® Y Y
et Y,

-
@ to generate obsﬁ
w/ Gaussian noise

C True state
\ /W/

(® validation
(e.g. RMSE)



Environmental
Prediction
Science

Laboratory

Basic Task 4



R An additional ’Efgatment

BaSIC TaSk 4 will be needed.
Let's think about by your self. ,
4. 6 B A 7 roF— 2@ AT L% %’%@?éo Kalman Filter (KF) o= % B2

HDTE W, 727 L. KF DFPHREELDTEHDOE T ICERHZ ANLND X ) ICERETL

TEL, (EFix A3 L, 3/A7E7£ﬁv\{f&laf@’éiéé)

t v ) KF offEFHM3T 2 & 21, RMSE ¢ a(P)OFEHOFEHBZIELRB LB,

FNOHEZHRAEBEDOERICONTHEZITAL S,

ll
l

4. Build a 6-hour cycle DA system. It may directly solve the Kalman Filter (KF) equation.
However, the system should be designed so that a constant can be put in the part of the
background error covariance of KF (If a constant is entered, it is equivalent to the 3D
variational method).

Hint) When evaluating the accuracy of KF, it is good to compare the average square root

of RMSE and tr (Pa). Think about the meaning of comparing those numbers.

KF (also known as Extended KF)



Initial Condition

> Xg

- = randomly chosen from nature run in spin up
> pg

- =» should be large (e.g. 10.0 X I)

Prediction
(t-1 2> 1)

X? = M(x{_1)

P = MPZ ,M” J/ oxepe S

em— Analysis ‘
YA { K, =PPHT[HP?HT +R|"

Observations x¢ =x7 + K (y¢ — Hx?))
/ VRH L | P& =[1-KH]P
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Empirical treatment for variance underestimation due to
(1) limited ensemble size b Vs b
(2) model nonlinearity Pinf = (1 +5)X P
(3) model imperfeCtiOr\ inflation factor (a tuning parameter)

Lorenz96-KF 0% inflation OBER=1.0 Lorenz96-KF 10% inflation OBER=1.0

5 7 i 5 -
; ; —— RMSE
i i —— SPREAD
1
4 - -%- i 4____L_______J________L_______J________L________I________L________i____
! : :
; I N | SO N S S R SN S SO SN SUUUS S SO N
w ' w
%2} | 0
= ) =
o H o
P e e [ e L e T 2
[ ) fI [ ]
g no inflation 1
. : ! ! : '
. -SREN NEN AR SURUEY TG S
t 1 t t t t t t 0 t t t + t t t t
0 25 50 75 100 125 150 175 0 25 50 75 100 125 150 175
TIME[DAY] TIME[DAY]

RMSE = /¥ (x — xt™)2 /n Spread = \/tr(PP)/n = \/¥((x — xt™)2) /n




First Variable X(1) as a func. of time

6 = 0.00

EKF, EUPDO0.00 (J01)

6 = 0.03

EKF, EUPDO.03 (JO1)

Environmental
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Laboratory

6 = 0.05

EKF, EUPDO0.05 (J01)

10 10
forcast —— forcast ——
9| analysis —— 9| analysis
8+ observe f— 8 - observe =
| truth —— | truth —— /_
7 7 /
6 6 I
5r¢ 5L
4| 4t
3t qF
2| ol
1 E 1L
0 : -2 . : 0 .
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
time (day)
12
forcast —

time (day) time (day)
1= forcast —— ‘ ‘ 12 forcast ——— ' ‘
10 analysis —— 10 ¢ analy5|s i’
8| observe 8 r )
6| i :
4 N
o 2
0 [
(Vs 2|
2t 4|
| A -6 r
_6 L L L L _8 1 L L i
250 260 270 280 290 300 250 260 270 280 290 300
time (day) time (day)

time (day)

forcast
analysis
bserve

270 280 290

time (day)

260 300



ave RMSE
(A} (9] o wn [8)] ~J

ave RMSE

Analysis RMSE

delt=0]03
delt=0105 §

delt=0100 ——

delt=0.00
0.9 1 delt=0.03
0.8 t delt=0.05
0.7 | delt=0.10
delt=0.20

270
time (day)

280

y/ X Environmental
Prediction
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delt=0.00 ——

35| delt=0.03 ——
delt=0.05 ——

3 delt=0.10 ——

25 delt=0.20

18 ™ geim000 ——

1.4 | delt=0.03 ——
| delt=0.05 ——

1.2 \\ delt=0.10 ——
| delt=0.20

time (day)

Ave RMSE (from 10t day to 300t day)
6=0.00 - RMSE=3.970

6=0.03 - RMSE=3.970
6=0.05 = RMSE=0.204
6=0.10 - RMSE=0.211




Sensitivity to Infl. Factor

i delt=0.00 ——
8 delt=0.03
delt=0.05 §
L 5| B l
) 4 [ 't JF l ‘r ° °
= '; too large inflation
© 3
& degrades gradually
1
0 60 120 180 240 300
time (day) 4.0 1
% - RMSE (analysis-true)
3.5 1
too small inflation 5201
° ° £ 1.5
causes filter divergence <
0.5 1 \ R (
60 O -0--0--0--0-0 0 By

0.000 O. 025 0. 050 0075 0. 100 0. 125 0. 150 0. ‘[75 0.200
Inflation ratio



redelions

Analysis Error Covariance P# ‘fg2) ==

6 = 0.00 6 = 0.03 6 = 0.05 6 =0.10

Pf delta=0.00 day=1 Pt delta=0.03 day=1 Pf delta=0.05 day=1 Pf delta=0.10 day=1
Pf delta=0.00 day=10 Pf delta=0.03 day=10 __ Pf delte=0.05 day=10
= of ".F o} F
- . A
i g " = 1 i .
- = - - .
= =] “m
= 2 » -.- » -
- - 15 =m om " m o= 15 L
=mw= - = = - m ome . o=
Em -m =
- 0 | ® | » | :‘
" I o= -~ & @ |
- 5 ' 5 e B e
= I = i [ | 1
Pf delta=0.00 day=300 " Pf delta=0.03 day=300 Pf delta=0.05 day=300 Pf delta=0.10 day=300
‘- = o =
I - -y i 3 3
-
w o, » ! o =
=1 J | = =
= i 2 ‘ 25 - . ril . B |
- = -
n . y " ' - ) s
i - - %
&l * o F
. = . P’ i o=
| =
= N p P 5 - - ; L?- - -
- m o '
| b5 1 L | - : -__m

-0 -0.1 =005 -0.02 -Q0.01 0.1 0.02 0.0& 0.1 0.2
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(b) Construct M separately
M= M4M3M2M1MO w A

Y/ X Environmental
“/a% Prediction
%) Science

o/ Laboratory

7 -

-
-
-
-
-
-
-
-
-
-
-
-
>
=z

x¢ —  m _x¢ My 22
R T Mgttt
0 005 UM o 0.05 tme
5 0.5
J\ ~©- Construct M once ~©- Construct M once
—~8- Construct M seperatel —~8- Construct M seperatel
44 Bg peraey 0.4 —
Ic-InJ \\-\ \‘\ “m‘ %
S 3- o) = 0.3 -
o “5\ o d
] 8 L E-:_—_—_—_-_—_-_:—:.—.—_ =====
= > T e
5 2 5 0.2 - o-8-8-a-8-8""
Z } Z
1 0.1 splitting M
PP W SE— iImproves slightly
0 I I I I I I I I OD I I I I I I I
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

Inflation ratio

Inflation ratio



(2) Alternative Way of M

dx;
(1) 77 = Ko = Xj2)Xjs =X+ F

) d(X; + 6X;) ~

(2 - (Xj1 + 6X541) (K21 + 6X_1) — (Xj—p + 6X;_5)(Xj_1 + 8X;_1) — (X; + 6X;) + F
(2) — (1) & ignore second order terms gives 6Xj=6X;(t)
d(5X;)
dt =~ +15X]_1 + X]_15X — X]_25X _1 — X]_15X —_2 — 5X]
dt — _Xj—15X]—2 + (X]_|_1 - Xj_z) 5X -1 — 5X] + X]_16X]

§X;(t+dt) = —X;_16X; _,dt + (Xj41 — X;—2) 6X;_,dt
+(1 — dt)6X;+X;_16X;4, dt



(2) Alternative Way of M

§X;(t+dt) = =X;_16X; _odt + (Xj41 — X;—2) 6X;_,dt
+(1 — dt)6X;+X;_16X;4, dt

For example

5X1(t + dt) — _X405X39dt + (XZ — X39) 5X4_0dt
+(1 = dbt) X, +X,,6X, dt

5X1(t + dt) 1 — dt X40dt °e (Xz - X39)dt 5X1
5X2(t + dt) — (X3 — X4_0)dt 1 — dt °e _det 5X2
6X40(t + dt) X39dt 0 °e 1 - dt 6X40

=M



(2) KF Comparison of M {2
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Numerical Method Mathematical Approx.
1 - dt X40dt cee (Xz - ng)dt
M Xa + 5e' - M(Xa) _ (Xg — X40)dt 1-— dt e _det
t ] t M =
@ Mej ~ 3 3 -, 3
6 X39dt O eee 1 - dt
1.0 1.0
o —— delta=0.0 —— delta=0.0
Numer|ca| methOd — delta=0.03 —— delta=0.03
0.8 —— delta=0.05 05 - —— delta=0.05
*1shows better RMSE — ct-o: - — delta=01
. —— delta=0.2 —— delta=0.2
. slightly
0.4 -
0.2 4
0.0 T T T T 0.0 T T T T
250 260 270 280 290 300 250 260 270 280 290 300

time(day) time(day)
Splitting M (i.e., M= M,M;M,M;M,))
is necessary for this method to include
impacts beyond neighboring grids.

We would be appreciated if you obtained different results




[ihankiyoulforgyoligattention!

Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/




