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DA Lectures A (Basic Course) @

(1) Introduction and NWP

(2) Deterministic Chaos and Lorenz-96 model
(3) A toy model and Bayesian estimation

(4) Kalman Filter (KF)

(5) 3D Variational Method (3DVAR)

(6) Ensemble Kalman Filter (PO method)

(7) Serial Ens. Square Root Filter (Serial ENSRF)
(8) Local Ens. Transform Kalman Filter (LETKF)
(9) Innovation Statistics

(10) Adaptive Inflations

(11) 4D Variational Method (4DVAR)



Today’s goals

- Lecture
» what is the 3D-Var?
» what is the cost function?
> maximum likelihood vs. minimum variance
~ how can we get a reasonable B?

- Training Course
~ to implement 3DVAR
>~ hints to develop KF
~ some tips for KF



Review:
Max. Likelihood Estimation

(188 : mAHTE)
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forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x15) = p(x;zz):)’(x ) Bayesian Estimates

Posterior T constant (since they are given)

maximize p(x|x;,) © maximize p(x;5|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood



Maximum Likelihood Estimation ) ="

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation x, = xiru 4 sy (2) uncorr.  (g;6,) =10

maximize p(x{|x) - p(x,|x)

Suppose x, & x, follow 1 [ (x; — X)z]
exp [— >
2 20

Gaussian PDF N(x, o) pxilx) =
/Znal

maximize p(xq|x) - p(x,|x)

. 1 1 (x1 — x)z (x — X)z
& maximize exp | — S — 5
J2mo? [ 2mo 201 20,
x; —x)%  (x, — x)?
& minimize ](x)=( - > ) +( 2 > )

04 0,



Laboratory

Maximum Likelihood Estimation

forecast X, = xiru 4 &1 (1) unbias  (xq) = (x,) = xtru

observation  x, xiru 4 sy (2) uncorr.  (g;6,) =10

minimize J(x) = > >
1 03
0 X1 — X Xy — X
U_ -0 -0 _
ox o; 05

analysis of maximum likelihood estimates

05 of
x% = > >X1 +— > X7
o{ + 0, o{ + 0,
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Assumption & Definition

Assumption (1) : unbiased error

xP = xt"¥% 4 gb (eP) =0
x4 = x4 g4 (e*) =0
yo — ytru 4+ g0 <£o> -0
|
H(Xtru)
Assumption (2) : uncorrelated error

(He? (e9)") = ((e))"HeY) = 0

since background and obs errors are independent
(Hef (e7)") # 0

He? €7

(e2(eP)7) = 0 Het
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X model state € R"
5 error

y observation € RP
M() | nonlinear model

M Jacobian of M € R™*"
K Kalman gain € R™*P
H() | nonlin. obs. operator

H Jacobian of H € RPX"
P model error covariance | € R™*"
R obs. error covariance € RP*P
n # of model vars.

p # of observations

m # of ensemble

tru | truth

b background

a analysis

t time

) observation

<> | expectation




Multidimensional Extension

Scalar

(xl _ X)
Suppose x; & x, follow p(xi|x) = eXp
Gaussian PDF N(x, o) /
Multi-dims. = maximize p(xq|x) - p(x,|x)

Suppose x? follow N(x, B)
p” (x7]x) o exp[ — > (X - x¢) B7H (X — x¢)]
Suppose y? follow N(H(x), R)
p°(y? 1) o expl — 5 (H) — YO R (H) — y?)]
Joint Probability

maximize p?(x?|x) - p°(y?|x)

p? (x21X) - p° (¥P|X) x exp[—J(X)] & minimize J(x)

](X)—-(X x{)"BTH(x — x{)+ 5 (H(X) /) ' RTH(H(X) —y7)



Variational DA

J®)= > (x—x)TB 1 (x —xP)+ = (H(x) - y?)"RTL(H(X) — y?)

l x=x?+8x & H(x?+6x)~ H(x?) + Héx

J(6x)= 3 (BOTB(8x)+ 5 (HEx — 7 *)R™(HEx - df )
d?™"=y? — H(x?)

gradient d: innovation, departure
0] (8%) ~1 Tp-1 0—b
360 — B ox+HRT(HX-dp")=0
condition

& (B! +H'R 'H)6x = HTR™1d9?

& 5x = AHTR™1d9?

B, P?: background error covariance

a b _ — o—Db
< Xp —Xf = 0X = tht A, P?: analysis error covariance



Variational DA (cont’d)

Proof of Kalman Gain

K,=B !'+H'R'H)"'H'R™!
=B 1'+HRH) 'H'R ! (R+HBH")(R+ HBH")!
= (B '+H'RT'H)"'(H" + H'R"'HBH")(R + HBH")~™*
= (B +HRH) Y(BL+H"R"H)BH” (R + HBH")™*

= BHT(R + HBHT) !

Proof of Analysis Error Cov.

B 1+HRH)'1=B-[I-(B'+H'R'H)"'B7!|B
—B— (B~! + HTR"'H)~![(B~! + H"R-'H) — B“1]|B
=B—KHB=(I-KH)B=A




Important Equations

Kalman Gain
K, = BHT (R + HBHT)"! = AHTR™!
Analysis Error Covariance
A=(I—-KH)B © A 1'=B1+H'R'H
Analysis Update Equation
x? =x? + K.d?™? = A|B~1x? + HTR 1y?]
o A 1x%= B 1x? + HTR 1y?

A[B~!x? + H'R'y?|

= A[A™! —H'R™'H]x? + AHTR 1y?
= x? + AHTR 1|y? — Hx?| = x¢
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Prediction Optimal Igterpolatlon i E
(t1>0 | x? = x? + K;(y? — Hx?) ;
|

b _ a Ol only assimilates retrieved vars !

Xp = M(X¢-1) (can consider only H) |

Background l Analysis ‘
[/ xtB S { K, =BH'[HBH" + R]™*

x? = x7 + K. (yf — H(x?))

Observations

/ YORH S
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DA Study w/ 40-variable Lorenz-96

Lorenz-96 model (Lorenz 1996) FOI‘jZ'I,...,N, Xj:Xj+/\/
dX; /dt = (Xj41 — Xj_2)Xj_1 — X; + F
Advection term Dissipation term Forcing term

NFERET N « T— X FULEREM OHE 2 — X

Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

B : @5 N%E T Lorenz D 40 ZE =51 (LLF L96; Lorenz 1996) #{#i» THED
T2 FELEHOKEL ., RALEBET Y. 7— 2L AT L2 FEPRIC, 0262
—FAVIFRILT NFEETY v 77— 2FHLICBIT 2 LB TEX 3 ) RBERH
LN a

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a data assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.




Text Books
@ Tramlng Description

pswd: ceres
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Python 7045
HERPIFHUESTE - python¥ =2 7JL - APYE (fn Japanese & English)

o 2020FRE. JOUS 'S [s(3pythonTT.
#HEUPDATERTT.

o PythonMannual_v20210928.dox /

Data Assimilation Training Courge (in Japanese & English)

KotsukiLab_L96Training_v20210916.zip

-
o currently ur‘Dubhc please send an email to ( kotsuki.lab(at) gmali com ) to geme'u'asﬁ!ord-fou— — o .

NFERET N « T— X ALEREN OHE 2 — 2
Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

(LLF L96: Lorenz 1996) #{#i- TH D
F=2{Ls AFLEERIC, 02 b3
KRy Tl X 5 ) SEREE Y

gng: % h4E 71 Lorenz D 40 =T 1
— 2L FEEHOREL ., A RIWETT I .

—%4y7¢5:&1,U$%%Uyy+%—awwuﬂfé

% (ki

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are

going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a darta assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.

ﬁﬁ ! UToRExELEEL, BL T, BHEELT 7y b 7 —LikRb %
. BIRED MTG KB T, #ABMEH LHE L., FESLZANL Tv < "B MTG
@ﬂhg\hﬁ%?cﬁﬂﬂfli“ﬂ?éifﬁ”hidﬂ:ﬁﬂwffi o Y o, TSRO
% 7z python 233w, 72 HKECR A EHECo—F 4 v 7338, Thui,
BHEMRAL B L TIEL {BEL Tu 22 HEZTE &b,
Method: Implement and solve the following problems yourself. Any programing languages or
platforms can be used in this exercise. At the Kotsuki Lab. mtg, each personnel will report the
progress, and try to solve the problems. Questions are accepted during the MTG as well as at
the office when necessary. As for the programing language, python, which is easy to perform
matrix operations, is recommended unless specific language is preferred. Also, you should
code in double precision instead of single precision. Otherwise, confirming whether

performing properly or not compared to the previous studies will not be possible.

https://kotsuki-lab.com/internal-pages/
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Basic Task 5

5. 3XutZIrik e KF OWEIIR%EITH . T OFE. BRI - BN~ ORI 2 4~
%

O

5. Perform a comparative experiment between the 3D variational method and KF. At this

time, the dependence on the observation distribution and observation density is

investigated.




3DVAR (Full Observations){ ="

when B is diagonal matrix.

Time-mean RMSE

2.5 . . .
minimized (0.3962) when
2t Ave Bii — 0225
0
@ 15
o
@ 1}
i
0.5 6—o—0—6—6—6—0—0—6—6—0—6—8—95=F
5 (analysis RMSE)
0 0.1 0.2 0.3 0.4 0.5 0.6



pyD
@ S
33

o8/ ) cience
7 Laboratory

Sensitivity to Obs. Network

Case 1: Num. Obs. = X O X O X O X O
homogeneous
Case 2: Num. Obs. = X O O O \\ X £3 $3
dense «  n=40 —»
10000 t
Full Observations 20 Obs (Case1) /0 0100 \
“« n=40 — » ~100O0O0T1 -
1000 O\ * H=l00000 [F®
/O 100 O\ \O 0000 /
H = O010--0 p=40 : v
0 001 0 «— n=40 —»
\ : / 10000 4
0000O0 1/ + 20 Obs (Case2) /O 1000 \
H = 00100 - .
00010 r
\O 0001 /
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Case 1: Num. Obs. = X O 3 O &3 O &3 O
homogeneous
. - ) ) ) 1902 SV '403
Case 2: Num. Obs. = X O O O S &S S
DA comparison dense DA comparison
' 3DVAR 4 | 49 3DVAR &
EKF —e— 4 r EKF —e— 1
EnSRF {8 member) —<— 35 | EnSRF (8 member) —<— |
i LETKF (8 member) —=— o Wz, LETKF {8 members ——
h PF (5000) - o T PF (5000) =
> > e
o o
COD> L T hE.., Sj}
EE— —— —
30 35 40
Observations Observations
. 2 E .
i 30VAR 4 ° SOVAR —a—
EKE —o— \ EKF —e—
¢ EnSRF (8 member) —— 2 ¢ \\‘\.EHSRF{B member) —<— -
w 93 LETKF fs member; . " LETKF (8 memmber) —=—
@ = ' PF (5000) —— @ 15} :
b= = '
o 0.3 ¢ o
17 @ 14
2 _ @
0.25 ¢ 05+
Case 1 Case 2
0.2 ' 0
20 25 30 35 25 30 35 40

0 20
Observations (analysis RMSE) Observations
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(1) Steps for KF & 3DVAR

State Prediction x? = M(x%,)
Background Error Cov.  P? = MP2 ,MT B (static)
Kalman Gain K, = PPHT[HP?HT + R|
State Analysis x? = x? + K, (y? — H(x?))

Analysis Error Cov. P& = [1 — K,H]P?

Starting with 3DVAR . ° FOVAR
Is a good strategy,

followed by KF I B i I M O

ave RMSE
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/




