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DA Lectures A (Basic Course) @

(1) Introduction and NWP

(2) Deterministic Chaos and Lorenz-96 model
(3) A toy model and Bayesian estimation

(4) Kalman Filter (KF)

(5) 3D Variational Method (3DVAR)

(6) Ensemble Kalman Filter (PO method)

(7) Serial Ens. Square Root Filter (Serial ENSRF)
(8) Local Ens. Transform Kalman Filter (LETKF)
(9) Innovation Statistics

(10) Adaptive Inflations

(11) 4D Variational Method (4DVAR)



Today’s Goal

» Lecture: Ensemble Kalman Filter
» to introduce EnKF
» to understand PO method

- Training: Lorenz 96
- to implement PO method
- to implement localization
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Ensemble Kalman Filter
(EnKF)



Why EnKF?

Kalman Filter
~—n— Background error covariance cannot be

b ! stored on RAMfor high dimensional models
P n such as NWP (n~0O(1072~101°)
t l Ex) if n=10° =» 10" x 8 byte = 8 TB

Ensemble Kalman Filter

«— m  —

., oX2(sx2) b
e 5Xt |

m—1

An approximation of error covariance

with ensemble perturbation matrix 8X. m: ensemble size



obs error cov: R obs error cov: R




Ensemble Forecasts

Analysis Ensemble

a _|,a() _a(2) a(m)
t—l_[Xt—l y X1 Xp_q

Ensemble Forecasts

X2=[x2®, 0@, xP0]

t ) Ay ) *n where Xf(i) =M (X?_(ll))

fori=1,...m
Ensemble Mean

m .
X = 2 x® /m
i=1

Ensemble Perturbation 6 represents ensemble perturbation

5Xb = _Xf(l) —xb, x"® _gb, . xP™ ,—(zg]

= _5xf(1), SXf(Z), o 5xf(m) ] Z? =5X’g/\/m —1



Error Propagation in Ensemble Forecasts

5Xf(i) = M( a(l)) M(Xt 1)

~ [MEEL) +Mox{)| - [MEE,) + M

= Mox 2V

b ~
P, ~

——oxP(oxP)’

1
— T]_M5X (MSX 1)T MPg_lMT

Ensemble forecasts can be used for approximating
propagation of error covariance !



why m-12

~ Pls. study discussions on “unbiased variance”



Ensemble Kalman Filter

Ensemble Perturbation in Observation Space

Y? = HZ? ~ [H(Xlg) — H(X?) - 1] /Vm —1 e noHisneeded

Error Covariance Approximation
PP ~ ZP(Z) = 5Xb(6XP) /m—1)  HPPHT ~ Y (Y2)T

Kalman Gain _ .
We can choose inverse computation

K; = PLPHT[HPLPHT + R]_l depending on p and m.
—1 o -1
~ L (YO [Ye (YO)T+R] =22 [T+ (Y)'RY?| (YR
PXPp mxm

><¢ usually R is diagonal (i.e., no obs error corr.)

-1
Z; (YD)T|Y? (YT +R]
= ZP[1+ (Y)'RTIYZ] 1+ (Y2)TRIY?] (YD) [Y2 (Y +R]
= ZP[1+ (Y2)TRIYP] (Y2 [1+ R7IY2(YD)T] [Y2 (Y2)T+R]

= Z¢[1+ (Y)"R7YP] T (YRR + Y2 (YD) [Y2 (Y)T+R]




KF

Prediction (state)

Xlg = M(x¢-4)

Prediction of Error Cov. (explicitly)

P/ = MP_,M" (+Q)

Kalman Gain

K, = PPHT|HP’HT + R|

Analysis (state)
— b b
Xy = X¢ + K (v — HEXY))

Analysis Error Covariance

P¢ = [I - KH]P}

Iy .
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Ensemble Prediction (state)

b(i) _ a(i)
Xt =M (Xt 1) fori=1,...m

Prediction of Error Covarlance (implicitly)
PP ~ Z0(Z!)

Kalman Gain

Ke =Z2 (YD) |Y2 (YD) +R]

= ZP[1+ (Y)"RY] " (Y2)"R

Analysis (state)

x¢ = x¢ + Ko (y2 — H(X?))

Analysis Error Covariance

(1) Stochastic: PO method
(2) Deterministic: Square Root Filter (SRF)
(e.g., serial EnSRF, EAKF, LETKF)



Laboratory

PO Method (stochastic) "

randomly drawn perturbation
=>» perturbed observation

xM = x?W L K (v + €2 — Hx,V))

'\
N
~
N

Analysis of Ensemble e?~N(0,R)

Why do we need perturbation?

if w/o perturbation (to take ave. from both s[deg)\*\ K.RKT
a(i) b (i) b() 0 (2ONT\RT
Sxt ~ 6xt o KtHgXt ~. N K. (g7 (g7) K,

& §X¢~ (I — K,H)6X?

P ~ 6X{(6X{)"/(m — 1)

Analysis error covariance
is underestimated

— (I — KtH)Ptb (I — KtH)T if without perturbation!
ws et al. (1998)

- ~

Analysis error covariance a b T 1r 1 T
should be (cf. 4t [ecture) Pt — (I — KH)Pt (I _ KH) '{'\KRK,/

Il



EnKF (PO) Algorithm
/" X?—1 / """

ensemble
Prediction
(t-1 2 1) |
b(l) _ a(l)
X, ( 1)
fOI‘l 1,..
Background
/ Xb /
Observations

B
N

e

Analysis

Compute Kalman Gain

Ke = Z2(Y))T|Y? (Y?)T+R]

= Z2[1+ (Y)TRY?| " (v/)"R ™
Update Analysis Ensemble

member loop for i=1,...,m (for updating ith member)

/oy RH L

X?(i) — Xlg(l') + Kt(YtO + Sg . H(X?(l)))




Ensemble Kalman Filter

Forecast error

X0 — M(X?—l) covariance P?

P> = 70 (z})"
Ensemble F
e

Analysis error
covariance P2 ;

ZP=6X2 /\/m — 1



Ensemble Kalman Filter

K, =HT[HT +R]71

Forecast error
covariance P?

Observation error
covariance R



Ensemble Kalman Filter

Forecast error
covariance P?

Ensemble

K, :HT[HT + R]_l -- update

& =X? +K(y? — HX?)

Observation error

covariance R




Ensemble Kalman Filter

Forecast error
covariance P?

X? = M(X?—ﬂ

P? = 677 (5Z})"
)/ Ensemble
date

¢ = XP 4+ K(y? — HXD) Analysis

error

a _ garza\T covariance
Pt e Zt (Zt) Forecast error

covariance
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6. EnKF %531, KF c‘_'lL‘I'AT/ Whitaker and Hamill (2002)(Z X % Serial EnSRF,

Bishop et al. (2001)iZ X 2 ETKF, Hunt et al. (2007)iZ X 2 LETKF, PO i£k7: & Dfif

EH b, 22 EFEET B

e b) AR D EnKF T, I:,L'ljo> FEBRCHvoh T %, #FXTik PO
£ KESR )R Tl Serial EnSRF, F A4 7 « HATIZ LETKF 7z &, /IMEWECIFSE % ik

» 54ty LETKF ZHw 7% LT S e AEI N5 7%, LETKF D J%d
ZHCY FHA TEL W,

Implement EnKF and compare with KF. There are solutions such as Serial EnSRF by
Whitaker and Hamill (2002), ETKF by Bishop et al. (2001), LETKF and PO method by
Hunt et al. (2007). Implement at least two or more.

Hint) The above methods are often used in EnKF in the meteorological field. PO method
in Canada, Serial EnSRF in the US Meteorological Bureau, LETKF in Germany and
Japan, etc. When proceeding with research at Kotsuki Lab, it is expected that research

using LETKF will be carried out, so I would like you to work on the implementation of

LETKEF at least.




EnKF (PO) w/o Localization
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(Ensemble size: 100)
w
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no inflation is used here
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Treatments

Random number should be different
for each member

(1) Perturbed Observations

X?(i) — Xlt?(i) + Kt(Y/g'l: s(t)(i) — H(Xltg(i))) fori=1,...m
this error should be modified so that Zl— gi(l) 0

e X =% + K (y? — H(xD))

Specifically, generate random numbers € 1:( ) fori=1,,,m

m /0(1)

(2) Variance Inflation
and compute their average €7 = ;l i1 &,
o(i) _ g10(0) o) _

b
lnf — (1 + 5)2 P Then, perturb with €7”=¢'?""” — &2 that satisfies Y7, €;
o 6Xb, = (1+6) - 6XP

Assimilating surrounding local obs.
(3) Localization to update centered grid x1 (%)

- to limit impacts of obs far from analysis grid points
for erroneous error “co”variance due to sampling errors
- several localizations have been proposed
- K localization (in PO or serial EnKF
- R localization (in LETKF)
- B localization (usually complex for high-dim modes) o e oo,




covariance localization (EnKF )
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Empirical treatment for
(1) reducing sampling noise

(2) increasing the rank

Pb

— Lo PP

o : Schur product

m-—1
°‘ .ﬂ'_ r _,._;.i
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Sampled error covariance
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Error Cov. w/ Localization

Localization Function



Localization Function

: ; ( 1 1 5 5
Gaspari Cohn Function 1 _ ZTS n §T4 n §753 _ §T2 (r<1)
d 1 = 1 4 5 5
r = Lr:<—r——r+r+r
10/3 0 (r) 12 2 82 3 1<r<2)
tuning parameter —5r 4+ 4 — —T_l
d: distance b/w grids 0 3 (2 <7)
0. localization length scale \ ,
Gaspari and Cohn (1999)
usually used in PO and serial EnSRF
Gaussian Function
f
L(d) = - exp(— 20_2) d <2,10/30
. . tuning parameter
d: distance b/w grids L 0 else

0. localization length scale

usually used in LETKF
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Localization Function
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Localization in PO method ¢

Kalman Gain
-1
K = Z(Y)"|Y? (Y2 +R]

L : Localization Matrix
PP’HT = Lo Z2(Y?)T o:  Shur product
also known as Hadamard product

HPt HT =L o Y (Y{?)T or, element-wise product



m=8,0=1,8=10% |nflation : V5 o Z?

L96 + PO method (m=8, o=1, inflation=10%)
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Localization should be applied for all “co”variance



(variance inflation: 0.05; localization r: 40; M: .

(variance inflation: 0.05; localization r: 3; M: ¢

EnKF (PO) w/ Localization §g)="
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/




