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DA Lectures A (Basic Course) @

(1) Introduction and NWP

(2) Deterministic Chaos and Lorenz-96 model
(3) A toy model and Bayesian estimation

(4) Kalman Filter (KF)

(5) 3D Variational Method (3DVAR)

(6) Ensemble Kalman Filter (PO method)

(7) Serial Ens. Square Root Filter (Serial ENSRF)
(8) Local Ens. Transform Kalman Filter (LETKF)
(9) Innovation Statistics

(10) Adaptive Inflations

(11) 4D Variational Method (4DVAR)



Today’s goals

» Lecture

» what is the 4D-Var?
» what is the cost function of 4DVAR?

- what is adjoint and back propagation?

- Training Course
~ to implement 4DVAR



Environmental
Prediction
Science

Laboratory

Review: 3DVAR



3DVAR Equations

Kalman Gain
K, = BHT(R+ HBHT) ! = AH"R™!
Analysis Error Covariance
A=(I—-KH)B © A 1'=B1+H'R'H
Analysis Update Equation
x{ =x{ + Kd?™? = A[B~x7 + H'R™1y?
& A 1x%= B x? + HTR 1y?
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Conceptual Image of 4DVAR ) =
4D-Var Observations ~ |\ (y0, R)
Fc\:;e;:st

First Guess

Forecast

X o¥6%, w/o DA

— Data Assimilation Window ————— time

Cost Function - Regularization Misfit to 4d Obs
- \

1 1
J(xo) = §(X0 — Xo) Byt(xo — x5) |+ Zi(Hi(Muo(Xo)) -y )TRi_l(Hi(Muo(Xo)) —y?)

incremental form  x, = x5 + 6%,

](5X0)~_5X0B015X0+Z (Mo, — d27) R (H; (Mygo (x0)) — ¥7)
470 =y¢ — Hi(Mypo (<8))

M;(): nonlinear model from t=0 to t=i, H;(): nonlinear obs. operator at t=(
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4DVAR Equation

Cost Function (scalar) ) Tangent Linear Model M; o = M;_; - M;M,

1 B 1 T o
J(6xy) =~ 55)‘530 15Xo + Z 5 (HiMi|05xo —d; b) R; 1(Hi(Mi|o(X0)) - Ylo)

Jacobian (€ R")

o
a(6%,)

numerical model  ops operator

B,'(6x,) + z M!---M_ M/ HiTRi_l(Hi(Muo(Xo)) - Yzo)

backpropagations
Hessian (¢ R™"*")

0]
d(6x,)?

k
~ By + Z Mg - M;{_,M;_ H/R; "H;M;_; - M;M; = Ag’
=1

Problem to be solved

=0 x¢ = x5 + 6x8

X; = Mi|0(X8)

0xj = argmin J(6x,) subject to 300




t=0
Nonlinear Models: M;,(), H;()
b —_—
X, = Mi|O(X8) X = Mi|O(XO)

Tangent Linear Models (TLM): M; o, H;
5Xi ~ Mi|05X0 — Mi—l M1M05X0

Adjoint Model (ADJ): Ml|0, H

M) ..M, M7 HT
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Updated
trajectory

Background
trajectory

t=1 time

H; (x;) — Hi(x() =~ H;6%,

Update needed



Flow-dependent B in 4DVAR {2 &=

Analysis of 3DVAR assimilating obs at time k
x? = x? + BHY (H,BHT + R,) dg?
static background (B) is used
——
Analysis of 4DVAR 0 k time

J(6xy) = %5X€B515X0 + % (HkMk|O5x0 + dz_b)TRﬁl(Hkao&(o _ dz—b)
dj
0(0%o)

= (Bal + M£|OH£R21HRMR|O)5X0 = leonRzldz_b

~ By1(6x0) + My oHE R (HMy 6%, —d3™") = 0

_ _ -1 _ —
& 00Xy = (B01 + MZ|0H£RR1HRMR|O) M£|0H£Rk1dz ’
-1 _
& O0Xgy = BOM£|0H£(HkMk|OBOM£|0H£ +Ry) d77°

x% =xP + M(6x,)
-1 _
~ Xp, + My oBoMy o Hi (He My oBoMy o HE + Ry) “df™"
flow-dependent background (Mk|0BOM£|O) Is used




Iterative Solver
(BFGS method)




How to solve 4DVAR? ) s

7 Laboratory

Problem to be solved 1 Ne\linO” method /.
(wiki) <
o0x§ = argmin J(§x,) subjectto 300%) =0

Newton Method

after sjth iteration (5x{;), to obtain s; that satisfies: \7](5x{; + sj) =0
Talyer expansion gives V](c?x{;) +]"(5x{;)sj ~0os/~ —[]"(6Xé)]_1\7](5xé)

sxI*t = ox) + s/ = oxt — [1"(6x0)] vi(oxl)

to update 6xé iteratively

And obtain §x¢ when |8x."" — 6x!| ~0

Here, Hessian matrix (/"(6x!) € R™*") is given by
. k
J(6x)) ~ B3+ ) ME ML, M HIRTHM,_, - M; M, = Ag*
i=1
=> Quasi-Newton method:

(1) without having Ag? explicitly
(2) to approximate A;by a positive definite matrix Q for inversion
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Secant Conditions Let Q/ be a positive definite matrix that
approximates the Hessian matrix (i.e., Q/ =~ J"(8x;) =~ Ag?)

Suppose we have Q/, and would like to update Q/*! for the next iteration

Taylor Approximation
7 (6x]) = vj(6x)tt —s)) = vj(6x)T) — Jr(6x))s) = vy (6x)T) — @/t 1s)

Secant Equation

Secant condition Q/*1s/ =u/ where uw/ =J(6x)t") — vj(6x))
s/ = 6x!*" — 6x)

There are many matrices that satisfy the Secant Condition (e.g., DFP, BFGS, SR1).

BFGS method (widely used in 4DVAR for NWP) & )'

stj(stj)T N w/ (w7’

N'QsT | (s)Tw

QJ+1 QJ

Usually Q% =1



Algorithm of BFGS method {2 "

Laboratory

to set initial condition (6x3 = 0 and Q° =)

to compute the update direction by s/ = —(Qj)_lV](5Xé)

to compute the update parameter a/ by Armijo Condition

(there may be other efficient condition such as Wolfe’s condition)

j+1

uoijelall

to update 6x)*' = 6x) + a's/

stj(Qfsj)T N w (u)T

j+t1 — oJ —
to update Q Q s T shTw

to repeat steps 2-5 until |7 (6x)*")| < ¢

eg. £e=10""
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To obtain an appropriate update parameter o’

J(6x) + als?) < J(6x)) + EajV]((Sxé)Tsf

Armijo Condition

0<é<1

1. setparameters0<¢é<1,0<7t<1

2 . setinitial condition: aé =1

3. end the algorithm if a,]('satisfies the condition

4. If not, updatecx,{;+1 - m,’c’and go back Step 3
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Outer and Inner Loops
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ECMWF 4DVAR (2015) ()i

Xp = X IFS Documentation (2015)

A Wergy

X; seeeenenees » High-resolution non-linear trajectory

. -
. s« | ssssssss
L x4 - . . .
® Dt tesesegeeseses L, esncesspssasce, - .
. B
. ® . e .

L i1 Departuresd =y - #(x) ——— ~
: S(p0): Feeen {S0x0) .... S(x,,N)
S . :
re _ Y. Y Y Y Yy.Y
g | 0x,=0 Trajectory
S (
" ! T— ¥
3 Low-resolution linear model — ]
E + Low-resolution adjoint model —» VJ

\1 Iterative minimisation algorithm

-1
= .\".+S (6.\".)

----------- »  High-resolution non-linear forecast




NL: Non linear

TL: Tangent linear model High-resolution
AD: Adjoint model NL Model

JMA 4DVAR (2022)

06UTC 09 12 15 X
High-resolution e
NL Model

|| Interpolation || Departures: d{") = y") = HVx™)
Trajectory for inner-loop

| Iteration to minimize /()

Analysis A Increment Ax(Y)

Low-resolution
NL Model

Low-resolution
TL/AD Model

|

High-resolution
NL Model

" Interpolation ||

Low-resolution
NL Model

Low-resolution
TL/AD Model

Departures: d'*) = y® - §@x®

| Interpolation |

Increment
Ax(z)

I[ lteration to minimize /@)

https://www.jma.go.jp/jma/jma-eng/jma-center/nwp/outline2022-nwp/pdf/outline2022_02.pdf
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Solver of JMA 4DVAR (2022) {5

Laboratary

~ The limited memory Broyden-Fletcher-
Goldfarb-Shanno (L-BFGS) algorithm (Liu and
Nocedal 1989)

~ with Veersé’s preconditioner (Veerse et al. 2000)

L . : . i
J2xQP) = ZAx‘” ZAx‘” Z (H2AY - dP) RV (HOAL - dP) + J2 o
=1 e
Ax? —M“’Ax(” (i=0,....,n—-1)

i+l

The penalty term, which is the third term of Eq. (2.5.1), is given by

(;) |N ZAX(I)I +Z|N ZAX(”| (2.5.1D

i=2

where N denotes an operator used to calculate the tendency of the gravity wave mode based on Machenhauer
(1977). a is an empirically determined constant 3.0 x 10~2[s*/m?]. Although this penalty term is primarily
introduced to suppress gravity waves in the analysis increment, it is also effective in stabilizing calculation.

to be updated




JMS’s NWP System (2022)

Table 2.1.1: Specifications of 4D-Var in Global Analysis (GA)

v
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Table 2.1.2: Specifications of the Mesoscale Analysis (MA)

Analysis time

00, 06, 12, and 18 UTC

Analysis time

00, 03, 06, 09, 12, 15, 18, and 21 UTC

Analysis scheme

Incremental hybrid 4D-Var using LETKF

Data cut-off time

2 hours and 20 minutes for early run analysis at 00, 06, 12, and 18 UTC
11 hours and 50 minutes for cycle run analysis at 00 and 12 UTC

Analysis scheme

Incremental 4D-Var using a nonlinear forward model in the inner step with low
resolution

Data cut-off time

50 minutes for analysis at 00, 03, 06, 09, 12, 15, 18, and 21 UTC

7 hours and 50 minutes for cycle run analysis at 06 and 18 UTC First guess 3-hour forecast produced by ASUCA
First guess 6-hour forecast by the GSM Domain configuration Japan and its surrounding area
Domain configuration Globe (Outer step) Lambert projection: 5 km at 60°N and 30°N, 817 x 661
(Outer step) TL959, Reduced Gaussian grid, roughly equivalent to 0.1875 ° (20 km) Grid point (1, 1) is at the northwest corner of the domain.

[1920 (tropic) — 60 (polar) ] x 960

Grid point (565, 445) is at 140°E, 30°N

(Inner step)

TL319, Reduced Gaussian grid, roughly equivalent to 0.5625 ° (55 km)
[640 (tropic) — 60 (polar) ] x 320

Vertical coordinate

o-p hybrid

(Inner step)

Lambert projection: I3 km at 60°N and 30°N, 273 x 221
Grid point (1, 1) is at the northwest corner of the domain.
Grid point (189, 149) is at 140°E, 30°N

Vertical levels

128 forecast model levels up to 0.01 hPa + surface

Vertical coordinate

z-z* hybrid

Analysis variables

Wind, surface pressure, specific humidity and temperature

Observation (as of 31

March 2021)

SYNOP, METAR, SHIP, BUOY, TEMP, PILOT, Wind Profiler, AIREP, AM-
DAR, Typhoon Bogus; atmospheric motion vectors (AMVs) from Himawari-
8, GOES-16 and Meteosat-[8, 11]; MODIS polar AMVs from Terra satel-
lite; AVHRR polar AMVs from NOAA and Metop satellites; LEO-GEO
AMVs; ocean surface wind from Metop-[A, B, CJ/ASCAT and ScatSat-
1/OSCAT: radiances from NOAA-15/AMSU-A, NOAA-[18, 19]/ATOVS,
Metop-[A, B, CJ/ATOVS, Aqua/AMSU-A, DMSP-F[17, 18]/SSMIS, Suomi-
NPP/ATMS, NOAA-20/ATMS, GCOM-W/AMSR?2, GPM-core/GMI, Megha-
Tropiques/SAPHIR, Aqua/AIRS, Metop-[A, BJ/IASI, Suomi-NPP/CrIS, and
NOAA-20/CrIS; clear sky radiances from the water vapor channels (WV-CSRs)
of Himawari-8, GOES-16 and Meteosat-[8, 11]; GNSS RO bending angle data
from Metop-[A, BJ/GRAS and TerraSAR-X/IGOR;: zenith total delay data from
ground-based GNSS

Vertical levels

(Outer step) 76 levels up to 21.8 km
(Inner step) 38 levels up to 21.8 km

Analysis variables

Wind. potential temperature, surface pressure. pseudo-relative humidity, soil
temperature and soil volumetric water content

Observations (as of 31
March 2021)

SYNOP, SHIP, BUOY, TEMP, PILOT, Wind Profiler, Weather Doppler radar
(radial velocity, reflectivity), AIREP, AMDAR, Typhoon Bogus; AMVs
from Himawari-8; ocean surface wind from Metop-[A, BJ/ASCAT; radiances
from NOAA-15/AMSU-A, NOAA-[18, 19]/ATOVS, Metop-[A, B]/ATOVS,
Aqua/AMSU-A, DMSP-F[17, 18]/SSMIS, GCOM-W/AMSR2 and GPM-
core/GMI; clear sky radiances from the water vapor channels (WV-CSRs) of
Himawari-8; Radar/Raingauge-Analyzed Precipitation; precipitation retrievals
from DMSP-F[17, 18]/SSMIS, GCOM-W/AMSR?2 and GPM-core/GMI; GPM-
core/DPR; GNSS RO refractivity data from Metop-[A, B]/GRAS, TerraSAR-
X/IGOR and TanDEM-X/IGOR; Total Precipitable Water Vapor from ground-
based GNSS

Assimilation window

6 hours

Assimilation window

3 hours




4DVARs in ECMWF & JMA

ECMWEF (2015)

Outer loop: High-res. NL

(O1) high-res. NL model

(02) departure: d7~" = y? — H;(M;}0(Xo))

(O3) get TLM and ADJ models based on
the trajectory of high-res. NL model

Inner loop: Low-res. TLM & ADJ
(11) Cost and its gradient
](5X0) ~ 5X53515xo

—p\T  — —

V] = B01(5x0) ZMHOH'TRi_ld?_b

(12) BGGS to update 6%,

(O4) update analysis x; = xy + 0%

\

iteration

/

JMA (2022)

Outer loop: High- & Low-res. NL

(O1) high-res. NL model
(02) departure: d?7? = y?
(O3) low-res. NL model
(O4) get TLM and ADJ models based on
the trajectory of low-res. NL model

Inner loop: Low-res. TLM & ADJ
(11) Cost and its gradient
](5Xo) ~ 5ngo 6%

—p\T . — -

— H;(M;)o(X0))

V] = B01(5x0) ZMHOH'TRi_ld?_b

(12) BGGS to update 6%,

(O4) update analysis xy = x5 + 0%

\

/
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iteration

Use Low-res. NL that is consistent with TLM & AD)J
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DA Study w/ 40-variable Lorenz-96

Lorenz-96 model (Lorenz 1996) FOI‘jZ'I,...,N, Xj:Xj+/\/
dX; /dt = (Xj41 — Xj_2)Xj_1 — X; + F
Advection term Dissipation term Forcing term

NFERET N « T— X FULEREM OHE 2 — X

Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

B : @5 N%E T Lorenz D 40 ZE =51 (LLF L96; Lorenz 1996) #{#i» THED
T2 FELEHOKEL ., RALEBET Y. 7— 2L AT L2 FEPRIC, 0262
—FAVIFRILT NFEETY v 77— 2FHLICBIT 2 LB TEX 3 ) RBERH
LN a

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a data assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.




Text Books
@ Tramlng Description

pswd: ceres

WV Education | Kotsuki Lab.(s] =
<« C Bl ps://kotsuki-lab.com/internal-pages © 8 o= /

/
/

Kotsuki Lab. /

Environmental Prediction Science, Kotsuki Laboratory, Center for Environmental Remote Sensing (CEReS), Ch]bi University

IHFARE FEXFE - JRVUE-MLILOTREL Y- /
/

Contact &‘ccess Ed

EIEFARNF -

Recruit

Gallery

Research Achievements Members News

TWICDOWT /

o MRZELLTERLTVBHEEILFLYO—BEAMULTVET. /

S OB /

Python 7045
HERPIFHUESTE - python¥ =2 7JL - APYE (fn Japanese & English)

o 2020FRE. JOUS 'S [s(3pythonTT.
#HEUPDATERTT.

o PythonMannual_v20210928.dox /

Data Assimilation Training Courge (in Japanese & English)

KotsukiLab_L96Training_v20210916.zip

-
o currently ur‘Dubhc please send an email to ( kotsuki.lab(at) gmali com ) to geme'u'asﬁ!ord-fou— — o .

NFERET N « T— X ALEREN OHE 2 — 2
Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

(LLF L96: Lorenz 1996) #{#i- TH D
F=2{Ls AFLEERIC, 02 b3
KRy Tl X 5 ) SEREE Y

gng: % h4E 71 Lorenz D 40 =T 1
— 2L FEEHOREL ., A RIWETT I .

—%4y7¢5:&1,U$%%Uyy+%—awwuﬂfé

% (ki

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are

going to perform various experiments with multiple data assimilation (DA) methods. By

actually coding a darta assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.

ﬁﬁ ! UToRExELEEL, BL T, BHEELT 7y b 7 —LikRb %
. BIRED MTG KB T, #ABMEH LHE L., FESLZANL Tv < "B MTG
@ﬂhg\hﬁ%?cﬁﬂﬂfli“ﬂ?éifﬁ”hidﬂ:ﬁﬂwffi o Y o, TSRO
% 7z python 233w, 72 HKECR A EHECo—F 4 v 7338, Thui,
BHEMRAL B L TIEL {BEL Tu 22 HEZTE &b,
Method: Implement and solve the following problems yourself. Any programing languages or
platforms can be used in this exercise. At the Kotsuki Lab. mtg, each personnel will report the
progress, and try to solve the problems. Questions are accepted during the MTG as well as at
the office when necessary. As for the programing language, python, which is easy to perform
matrix operations, is recommended unless specific language is preferred. Also, you should
code in double precision instead of single precision. Otherwise, confirming whether

performing properly or not compared to the previous studies will not be possible.

https://kotsuki-lab.com/internal-pages/
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4. BBEE S, WIFEFEREYE C [4 KCLpik]l: 4 otk mnikz 5% L. EnKF L kT 5. 4
RICEMECIE, TV a4 v bEFAZEET 24t FEMIC 40 X 40 175 DL€ T
NEERT BB, bLTVaA vy bEFAZET . BN RHREET L
(T DIEVEFRTAZDHHEAWAD LAk, .

4. Difficulty S, Scientific Extensionality C [4D variational method]: Implement the 4D

variational method and compare it with EnKF. In addition to constructing an adjoint

model, the 4D variational method also includes a method of approximately generating a
linear model of a 40 X 40 matrix. When building an adjoint model, 1t may be interesting

to see how 1t differs from an approximate linear model matrix. -
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. --: background trajectory
State Ol;le DA WlndO!V —: updated trajectory

Bl Background

B Analysis

ti—n tl ti+n time

Point 1: the observation should not
be assimilated more than once

X: Smoother E
\/’ 0: Fll/tii\x\/ correCt «—r>¢— > «—
—
; Incorrect «—»
3 assimilated +-——>
in this cycle 5
Sttt
?nottha;zséw:ted Point 3: Smoother is more accurate than filter
Point 2: Usually obs at £=0 Analysis RMSEs of filter solutions should be

is DA’ed by the last cycle compared w/ other filters (e.g. KF)



RMSEs in DA window

RMSE
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RMSE of 4DVAR (window : 2 day)

L5 DA window Larger RMSE for later time smoother
1.2 (24@3/5) in 4ADVAR Windov\ nf — filter
1.0- A
Smoother salutions
0.8- is more accurate
than filter solutions
0.6 - Smaller RMSE for earlier time
) in 4DVAR window
0.4 -
0.2 Lo T NS LT s L T
0- O ¥ ! T T T
0) 10 20 30 40

time (days)

DA window: 2 days, B..=0.15, BFGS of Scipy




Sensitivity to B and windo

RMSE

when B is diagonal matrix.
A

nn/
Analysis RMSE of filters are compared

4DVAR (Nobs=40)

0.4 EFS-}E -
w=LJ. b
0.35 ¢ Bi=020 =
0.3 |
*
0.25 % 4 i
0.2 | ! ? !
0.15 |
0.1 - ' ' ' -
2 3 4 5 6 7

Time window (day)

Kotsuki

Prediction
A Science
7 Laboratory

0.55 - . B =0T e
w B=0.15
e e R
0.45 T A B = opt ---------- -
ifrom KF's ave | | | |
L“Jn i S L e ey B
= a a e e a
il ——— 3
L ST S S S -
0.20 1|| ———————————— ! - ———————————————————————————
2 3 4 5 6 7 8
tipe (day) T. Saito
5,40 RMSE of 4DVAR
b_ii = 0.10
0.35 b_ii = 0.15
b_ii = 0.20
0.30
m)
2 0.25
o
0.20
0.15
0.10

4 6 8
Time window (day) F. Kawasaki




Sensitivity to Obs. Network

Best RMSE
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Case 1: Num. Obs. = X O $3 O $3 O $3 O
homogeneous
Case 2: Num. Obs. = X O O O \\ <3 &3 3
dense
DA comparison DA comparison
: . 45 -
1.4 | 3DVAR —&— 3DVAR &
chase 1 EKF —e— 4+ Case 2 EKF —e—
L e EnSRF}B member) —— 35 | EnSRFfB member) —=—
i g 9 LETKF (8 member) —=— oe— LETKF (8 member) —=—
1 PF (5000) - 34 ;
el 4DVAR
0.6 —
0.4 MR e
ﬁf_—:_—_'—_—_ . - e |
02 — —__H___h“
0 . . . | . . =%
20 25 30 35 40 20 25 30 35 40
Observations Observations



Iterations of 4DVAR (20 DASQ

Scipy BFGS

. 4000
terminated when

Jj+1 J ]

|(Sx0 —6x0| 3000

20001

1000+

Hand-write BFGS

420 1
400 1

terminated when
V]| <1074

—

3001
28071

Cost Function (window : 2 day)

— wnd_num =1
wnd_num = 2
wnd_num = 3
wnd_num = 4

—— wnd_num =5
wnd_num = 6

—— wnd_num =7
wnd_num = 8

— wnd_num =9
wnd_num = 10

J(5%))

20 DAs

20 40 60
Cost Function (window : 2 day)

380
360
3401
320

wnd_num = 2
wnd_num = 3
wnd_num = 4
—— wnd_num =5
wnd_num = 6

](5xé) =—rr

—— wnd_num =7
wnd_num = 8

— wnd_num =9
wnd_num = 10

40 60

iteration

20

400 1

300

d

2001

100+

100

80+

60

d

401

201

) °
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Gradient (window : 2 day)

— wnd_num =1
wnd_num = 2
wnd_num = 3
wnd_num = 4

—— wnd_num =5
wnd_num = 6

—— wnd_num =7
wnd_num = 8

—— wnd_num =9
wnd_num = 10

vy (sx))

i
|

k

A

.
i) % ﬂ&h._,‘\\_g@,\ i

0

20 40 60
Gradient (window : 2 day)

. —— wnd_num =1

] wnd_num = 2

V 5X wnd_num = 3

O wnd_num = 4

—— wnd_num =5

wnd_num = 6

[ —— wnd_num =7

wnd_num = 8

—— wnd_num =9
wnd_num = 10

40 60

iteration

DA window: 2 days, B;;=0.15

Hand-write BFGS used Armijo (aé =1, =0.2,7=0.1)
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F. Kawasaki
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Experimental Setting

~ Focus on one DA by 4DVAR w/ Lorenz 96

NL Experiment QUO: 4DVAR

Nonlinear Model Nonlinear Model
(N1) employ L96 model fcst (N1) employ L96 model fcst
(N2) departure: d?7? = y? — Hl-(M”O(xO))\ (N2) departure: d?7? = y? — H;(M;)0(X0))

(N3) get TLM and ADJ models (N3) get TLM and ADJ models
dio_b = dio_b — HiMi|O5XO
Linearized Model —
(L1) Cost and its gradikent

Linearized Model —
(L1) Cost and its gradil?nt

1 _ 1, T i 1 _ 1, T o
] z§5ng015x0+z§(d§’ P) R;TdYTP ] z§5ng015x0+Z§(d? ") Ry

 ——iteration—

k i=1 k i=1
V] = B01(5X0) quo '1d?_b V] = B01(5X0) quo 1d0 ’
(L2) BGGS to update 6Xg (L2) BGGS to update X,
(N4) update analysis Xy = x5 + 6%, / (N4) update analysis xy = X + 6%,

QUO: Quadratic unconstrained optimization
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Estimating only two vars §g)="

Labo

~ we estimate only x, and x; among 40 vars
» For x,_34, truth is used for computing J and grad J

- While analysis increment is obtained for 40 vars,
only x, and x; are updated over the iteration

- XE:
» X2=x39(dtruthz{E> T, OX MRLEZETE
» Grad())(F40ZZTITE. x0EXLTEITZEH
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Cost function & Iteration #2)E
< Laboratory
Contour of | at 54 da
5.0 7 K\ = y 440.0
_ True -430.0
(G -410.0 -410.0
4.5+ |~ AN (w/)
/ AN (w/0) -390.0 380.0
aol I// /f | 376.0
' daf 368.0
— 368.0
><I
3.7 . \ 360.0 358.0
356.0 353.0
3.0{ \ - /e 353.9
AN of NL is closer to True than AN of QUO because 352.3
(1) Updating TLM and ADJ around the trajectory 353.7
(2) Nonlinear model is used for departure
2.5 - , , - 353.5 352.0
5.0 5.5 6.0 6.5 7.0 7.5 wic W/
X0 QUO NL



X1

5.0

4.0 1

3.5 1

3.0\ \

/
J /
4.5 1 /
/

True

FG

AN (w/)
AN (w/o)

X1

Comparison of solvers

Scipy BFGS (default)

Contour of ] at 54 day

' /
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Hand-write BFGS w/ Armijo
5.6 (/;ontour of ] at 5\34 d\ay B __ saas
j True -430.0
/ °S -410.0 r410.0
4541 |1 AN (w/) -
AN (WIO) '390.0 | 380.0
\ | e}
C —+376.0 |
4.0 | ‘ \\ — - 1368.0
; ‘ -1368.0 |—
35 /; :-360.0 :-358.0
‘. / :—356.0 i .
304 —353.9 ||
W —1352.3
N —353.7 |
2.5 : - . . L 13535 Llss20
5.0 5.5 6.0 ‘o 6.5 7.0 15 o o

e ({=020<¢<1)
* ap=010<a)
e 7=010<1<1)

Qredelions
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Sensitivity to Armijo params §g =

Contour of ] at 54 day Contour of ] at 54 day Contour of | at 54 day
' \ ® rue / / ’ \ e True g ® True
\ \

“\| a5/ L1 LHF a5/ L/
// F o

Z | Z
s = 4.0 ,l
/) > \\ =)
7y f y \

™

Qredelions

5.0 5.0

5.0

4511 L1 LFLF

\ . 4'0_

3.5

o | r410.0

Larger & reduces increments of an iteration

-380.0

[T

-368.0

* a5=09 (0 < a)
e 7=010<1<1)

EEEEEEEEEEEEEEEN
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mg = m - = ?m’
Sensitivity to Armijo params §g =

5.0

4.0 -

3.51

\\| 451/ 1 tHF

5.0

Larger t increases increments of an iteration

* a,=09(0<a)
« £{=0500<¢é<])
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Contour of ] at 54 day

as| /A A

4.0 1

/ \ e True

X 0
— -440.0
-430.0
-410.0 r410.0
[ 7390.0 | 1350.0
+376.0 ||
T 1 368.0
1368.0 |
1360.0 [358.0
(1298 | lss54
—353.9 | |
B —1352.3
+353.7 ||
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For hand-write 4DVAR
» (1) to test BFGS w/ a simple problem

quasi-Newton method quasi-Newton method
& —— fix)=x*-8x1+16 221 fix)=x*—-8x?+16
—. - =0.75
ol Xo=075 | - Xo
-%- Xo=1.5 I -%=- Xp=1.5
15- -4- Xo=3.0 : 15| - X0=3.0
x Solve the minimization ﬁtol?lem

10- from different initial stax

3.0

. (2) to test BFGS w/ 3DVAR

» (3) to test BFGS w/ 4DVAR
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(2) BFGS for 3DVAR (L96) §g)="

3DVAR can be solved by deterministically or iterativelv by BFGS
Jx)= —(X x?) B7H(x — x{)+ (H(X) y£)'RTH(H(X) — y7)

0J(x) _ 0H (X) _
=B (x—x}) + (5 RIHE) —y7)
- RMSE of 3DVAR
BFGS —— Not Opt.
deterministic — Opt.
1.5
wl
£ 1.0
oc
0.5
0.0

0 50 100 150 200 250 300
time (days)



[ihankiyoulforgyoligattention!

Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/




