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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

» To understand minimum variance estimation

» To understand maximum likelihood estimation

> To understand assumptions in these estimations

~ To understand Bayesian estimation
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Two Major Streams of DA

> Minimum variance estimation
» Kalman filter (KF)

» ensemble Kalman filter (EnKF)

» Maximum likelihood estimation

>~ 3D variational (3DVAR) ' y
~ 4D variational (4DVAR) \
. . N
~ particle filter (PF) \
. —
x1:ZQ°C x,= 30°C
A simple example: two thermometers | (I€ss reliable) — (more reliable)




Minimum Variance Estimation

(B=/N7D ERHETE)




Minimum Variance Estimation

x % truth

forecast x; = x4+ g
€ :random error

xtru ~+ &g

observation X, ot
< * >: expectation

Assumption (1) : unbiased error

(x1) =(x) =x" & (&) =(e) =0

Assumption (2) : uncorrelated error

(61:8)=0



Minimum Variance Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

observation x, = x!"% 4 &, (2) uncorr.  (g,&5) =0

X~ = axq + (1 — a)xz & minimize variance of analysis (a)

(69 = ((x = x™)?) = ((@(x; — x'™) + (1 — @) (xz — x7))?)

= a2(e?) + 2a(1 = a)es;) + (1 — X(ed)

= a?c? + (1 —a)’c?

definition of variance O :standard deviation

Vix) =E ((x — E(x))z) g% =(g-¢) 2

O “: variance



Minimum Variance Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

observation x, = x!"% 4 &, (2) uncorr.  (g,&5) =0

x*=oax;+ (1 —a)x,
(O'a)z = a? 0'1 + (1 — C{)ZO'Z weighted average by variance (0% =accuracy)
N S
0(c%)? S R s L B R R
=2a0f —2(1—a)of =0 oy + 03 0; + 03
oa
2 0'2
05 _ 1
= a = = X1+ 2 z(xz_xl)
2 2 o +O
o t 0, 1 2
first guess increment




Minimum Variance Estimation

Kalman filter M(): nonlinear model
M: Tangent Linear model
—> freactedsiate  ¢b — M(x%_,) H(): nonlinear obs. operator
estimate t — t—1 ot  HO
: Jacobian o
Precggciiigfqtégmte Pt? — MPL?—1MT +Q P: error covariance

, Q: model error covariance
Optimal

-1
Kalman gain Kt — PI?HT[HPI?HT T+ R] K: Kalman gain

. R: obs. error covariance
Update estimate
pcovariance PL? — [I _ KtH] Plp b: back q
: backgroun
Update state a — b 0 __ b o: observation
estimate Xt = Xt + Kt(Yt H(Xt )) a: analysis

analysis equation

of

a

X X1+ — > (X, — x1)
o1 + 03

first guess increment




Maximum Likelihood Estimation
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Maximum Likelihood Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

x4+ &, (2) uncorr.  (g,&,) =0

observation X5

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x12) = p(x;'zz)ﬁ(x) Bayesian Estimates

Posterior T~ constant (since they are given)

maximize p(x|x1,2) & maximize p(x1,2|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood



Maximum Likelihood Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

observation x, = x!"% 4 &, (2) uncorr.  (g,&5) =0

maximize p(xq|x) - p(x,|x)

2
Suppose x; & x, follow T 1 B (x; — x)
Gaussian PDF N(x, 0) p(x;|x) = €Xp 202

2

27wl-

maximize p(xq|x) - p(x,|x)
1 1 (x1 —x)%  (xy —x)?

& maximize exp [— > — 5
J2ma? /2o’ 204 20,

(x — x)° L G~ x)*
i 03

& minimize J(x) =



Maximum Likelihood Estimation

forecast Xq = xtru -+ &1 (1) unbias (xl) — (xz) =X

Xt 4 g, (2) uncorr.  (g1&;) =

observation X5

(%1 _zx)z N (xp — x)*

minimize J(x) =

01 022
d X4 — X Xo — X
U_ ,-n ,e-x_,
ox o; o,

analysis of maximum likelihood estimates

o2 o2
x4 = > >X1 +— > X7
o{ + 0, o{ + 0,




Summary

weighted average by variance (0% =accuracy)

03 of

a _——

X" = X1t 2 X2
o{ + 0, o{ + 0,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

minimum variance estimates

X X
1 - 2
Y a 2
of X 02
xtru

(1) unbias {x;) = {(x,) = xt"

(2) uncorr. (€1&5) = 0

maximum likelihood estimates

0.25

ol (a) p(x1,2 |x):’ \: |
0.15 | : }
o D(x1]%)/ \ p(x2]x) -
0.05 | ]

20 a5 0 5 0 5 10 1|5 20

(3) Gaussian error PDF
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Extension to multi-dims problems

The two thermometers’ example

(T —Ty)* ) 05Ty + 0;Tg
pa(T) o< exp [— 20'2A " = 2 2
] - 2
(T — Ty)? 0,4 1p
T — =T, + T, —T
pg( )Ocexp_ 20_5 A O'j +O'§( B A)

welghted average

20NN
\
\
A
N
N——
x1=ZOOC x2: 3OOC
A simple example: two thermometers | (I€ss reliable) — (more reliable)




Extension to multi-dims problems

The two thermometers’ example

(T —Ty)?] ) 05Ty +0;Tg
pA(T) x exp |— > T =
i ZO-A i O-A + O-B
] - 2
(T —Tg)? o, Tg
T) < exp |— =T T T
pe(T) p_ 207 AT 72 1 g7 z(B A)
? welghted average
Uncertainty (reliability) Uncertainty (reliability)
of model forecasts of observations
/\

______________________

~~~~~~~~~~~~

/////
s \s

N
¢¢¢¢¢
- ~ -
‘‘‘‘‘‘‘‘
---------------------

X: state P. state error covariance b: background
y. observation R: obs. error covariance a. analysis
H: obs. operator 0: observation



Kalman Filter

Prediction (state)

b _ a
Xt = M(Xt—l) Prior Error Cov. PP
(flow-dependent!)

:Pt MP& 1MT+Q

Kalman gain

K, = PPHT[HP’HT + R| ™

Analysis (state)
b
X? = x¢ + K (yf — H(x{))

___________________ obs error cov: R



Summary

> Minimum variance estimation suppose
> unbias
> uncorrelated error

> Maximum likelihood estimation suppose
> unbias
>~ uncorrelated error
> Gaussian error PDF

» These solutions are identical
> when errors are Gaussian

> Namely, minimum variance estimation gives optimal analysis following Bayesian
theory w/ Gaussian errors
g %ﬂ]b\b\\\@\‘ﬁé_%) i/ NDBUEE (KF & EnKF) (&, EREDIII ADMIEZIRGE LIRL ),
RIMEFET SDIRAEEC. B/ \DEUETE CRAMEES, MmENHT D
(C—ET D, TEMS. BREDHDIRADMELKF & EnKFICBEF UL\DT,
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- (1) BRERE (B << ETILDZEE)
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On observation error

0 = yo _ Hmodel(xtru) <£0> =0

— yo . ytru 4+ ytru _Htru(xtru) 4+ Htru(xtru) . Hmodel(xtru)

measurement representativeness error
error error in obs. operator



Bayesian Estimation

Environmental
Prediction
$cience
Laboratory



Bayesian Theorem

, Likelihood  Prior
Posterior

P(A|B)P(B)
P(B|A) =
(B|A) PUY
Whole Event
P(A) ™ ~ P(B)

P(B|A) - P(A) = P(AN B)




Bayesian Theorem: an example

An example: virus infection (e.g. COVID19) and inspection
* virus rate is 0.005 (0.5 %)

- inspection to people with virus =» gives positive (+) w/ 80 %
* inspection to healthy people = gives negative (-) w/ 90 %

Now, you have a positive result by the inspection!!!
=» The percentage of having virus is only about 3.9 %.

40
Interpretation by cases = 0.0386 =~ 3.9¢
& Y 995 + 40 /o
Total Virus Rate Joint Inspection Result
50 x0.8 = 40 Positive (correct)
(virus) x0.2 = 10 | Negative (incorrect)

10000 :
9950 X0.9 = 8955 | Negative (correct)

(healthy) x0.1 = 995 | Positive (incorrect)




Intuitive Interpretation

w/o virus w/ iirus
(9950) (50)
s —00386~39I°I
995 + 40 2003

incorrect positive (f&fz1%) 10% = 995 correct positive (F%14%) 80% = 40



Bayesian Theorem: an example

An example: virus infection (e.g. COVID19) and inspection
* virus rate is 0.005 (0.5 %)

- inspection to people with virus =» gives positive (+) w/ 80 %
* inspection to healthy people = gives negative (-) w/ 90 %

Now, you have a positive result by the inspection!!!
=» The percentage of having virus is only about 3.9 %.

Likelihood  Prior Prior: Prob. of virus
Posterior Obs: Prob. of positive
P(A |B)P (B) Likelihood: Prob. of positive given virus
P(B |A) — P(A) Posterior: Prob. of virus given positive
Obs
0.8 X 0.005
P(B|A) = = 0.0386 ~ 3.9%

(0.005 X 0.8 + 0.995 X 0.1)



Then"" SO What?

= Bayesian Theorem
_prOpx) _ pUI0)pX)
p(xly) = PN P P  [p@lp)dx
:::LorV\liardd F;_S;) @I = — p( |:)p(:)
acard (a2 Rl t p( Wp( P

Z I
ﬁ 2t
- > (negative)
b= %
(positive)

backward causaltty /11 '



Bayesian Estimation

= Bayesian Theorem (discrete)
_pOIx)p(x)  pIx)p(x;)
p(xi |:V) - — n
p(y) k=1 PV |xx)p(xk)
NA,
X2 Y2
p(x)
X
> X >
uniform distribution L y

Ym




Bayesian Estimation

X

uniform distribution

We would like to find x;
that maximizes p(x;|y)

= Bayesian Theorem (discrete)
DY) = pOIx)p(x) _ plx)p(xi)
‘ p(¥) k=1 P 1x)p (1)
X1 Y1
X2
p(x)




Bayesian Estimation

= Bayesian Theorem (discrete)

p(x;ly) =

plx)p(x)

p(y|x;)p(x;)

(z

p()  LRoiplx)p(xi)
= Bayesian Theorem (general) Cikelhood rior (uniform)
_pOpx)  plx)p(x)
p(xly) = .
Posterior p0)  [pOIp()dx constan

p(y]x)p(x) )f o
[p(18)p(6)do

We would like to find x
that maximizes p(x|y)

maximize p(x|y)
& maximize p(y|x)




Maximum Likelihood Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

x4+ &, (2) uncorr.  (g,&,) =0

observation X5

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x12) = p(x;'zz)ﬁ(x) Bayesian Estimates

Posterior T~ constant (since they are given)

maximize p(x|x1,2) & maximize p(x1,2|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood



Recommendations (Jpn)
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jihank§yollfogyoldattention!

Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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