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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

- Lecture
~ what is the 3D-Var?
~ what is the cost function?
» maximum likelihood vs. minimum variance
- how can we get a reasonable B?

> Training Course
> to iImplement 3DVAR
> hints to develop KF
~ some tips for KF



Review:
Max. Likelihood Estimation

(B8: RAHETE)




Maximum Likelihood Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

x4+ &, (2) uncorr.  (g,&,) =0

observation X5

Likelihood  Prior (uniform, i.e., no prior info)

p(x|x12) = p(x;'zz)ﬁ(x) Bayesian Estimates

Posterior T~ constant (since they are given)

maximize p(x|x1,2) & maximize p(x1,2|x)

& maximize p(xq|x) - p(xy|x)

to maximize likelihood



Maximum Likelihood Estimation

forecast x; = x4+ g4 (1) unbias  (x;) = (x,) = x!"¢

observation x, = x!"% 4 &, (2) uncorr.  (g,&5) =0

maximize p(xq|x) - p(x,|x)

2
Suppose x; & x, follow T 1 B (x; — x)
Gaussian PDF N(x, 0) p(x;|x) = €Xp 202

2

27wl-

maximize p(xq|x) - p(x,|x)
1 1 (x1 —x)%  (xy —x)?

& maximize exp [— > — 5
J2ma? /2o’ 204 20,

(x — x)° L G~ x)*
i 03

& minimize J(x) =



Maximum Likelihood Estimation

forecast Xq = xtru -+ &1 (1) unbias (xl) — (xz) =X

Xt 4 g, (2) uncorr.  (g1&;) =

observation X5

(%1 _zx)z N (xp — x)*

minimize J(x) =

01 022
d X4 — X Xo — X
U_ ,-n ,e-x_,
ox o; o,

analysis of maximum likelihood estimates

o2 o2
x4 = > >X1 +— > X7
o{ + 0, o{ + 0,
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Assumption & Definition

Assumption (1) : unbiased error

xP = xt"% 4 gP (eP) =0
x4 = x"% 4 g4 (e =0
yo = yirt 4 g0 (£°) = 0
|
H(Xtru)

Assumption (2) : uncorrelated error

(He2(e9)T) = ((€2)"Hel) = 0
since background and obs errors are independent

(Hef (e2)") # 0
He? €7

(e2(eHT) # 0 Hef

X model state € R"
3 error

y observation € RP
M() | nonlinear model

M Jacobian of M € R™"
K Kalman gain € R™*P
H() | nonlin. obs. operator

H Jacobian of H € RP*"
P model error covariance | € R™"
R obs. error covariance € RP*P
n # of model vars.

p # of observations

m # of ensemble

tru | truth

b background

a analysis

t time

0 observation

<> | expectation




Multidimensional Extension

Scalar
1 (x; — x)?
Suppose x; & x, follow p(x;|x) = €XpP |~ 252
Gaussian PDF N(x, o) /Zﬂo'l.z L
Multi-dims. = maximize p(x1|x) - p(xz[x)

Suppose x? follow N(x, B)
pP (1) o exp[ — 5 (x — x£)"B~ (x — x{)]
Suppose y? follow N(H(x), R)
p°(y? 10 o expl — 5 (H®) — yO) R (H) — y?)]
Joint Probabullity

maximize p”(x{|x) - p°(y?|x)

pP (x2|x) - p°(yP|x) x exp[—]J(X)] & minimize J(x)

J()=3x —x))TB(x —x})+ 2 (Hx) — y?)" R (HX) - y?)




Variational DA
J®)= > (x—x)TB H(x —xP)+ ~ (H(x) — yO)"RTL(H(X) — y?)

l x=x2+6x & H(x2+6x)~ H(x?)+ Héx

J(8%)= - (8x)TB1(8%)+ - (H8x — d2™*)"R~* (H8x — dg™)
d?™"=y¢ — H(x?)

gradient d: innovation, departure
0] (%) -1 Tp-1 0—b
360 ~ B §x+H'R™'(Hox —d?™") =0 necessary
condition

& (B~ + H'R 'H)6x = HTR1d?7?
& §x = AHTR1d¢?

a b _ . o—Db B, P’: background error covariance
< Xy —Xp = 0X = tht A, P?: analysis error covariance




Variational DA (cont'd)
Proof of Kalman Gain
K;=B"'+HR'H)'H'R™
=B 1+H'R'H)H'R"'(R+ HBH")(R+ HBH")!
=B ' +H'RT'H)"'(H" + H'R""HBH")(R + HBH")™*
= (B_L+HRH) '(B-*+H"R"H)BH" (R + HBH") !

= BHT(R + HBHT)"!

Proof of Analysis Error Cov.

B 1+H'R'H)'1=B-[I-(B'+H'R"'H)"'B'|B
—B— (B~! + H'R"'H)~'[(B~1 + H"R-'H) — B“1|B
=B—-KHB=(1-KH)B=A




Important Equations

Kalman Gain
K, = BHT(R + HBHT)"! = AH"R™!
Analysis Error Covariance
A=(I-KHB © A 1=B14+H'R'H
Analysis Update Equation
x{ =x{ +K.d?™? = A|[B~'x{ + H'R™1y/]
o A 1x%= B x? + HTR 1y?
A[B~'x? + HTR 1y |
= A[A™! —H'R™'H]x? + AH"R1y?

= x? + AHTR!|y? — Hx?| = x¢



3DVAR

a next time ste
Xt—l T T T T T T T T T T T T T T T T T T T T T T T T e m e 1

|
|
|
. . !
Prediction Optimal Igterpolatlon , i
129 | x¢ =x;{ + K(y? —Hx¢) |
|
b _ a Ol only assimilates retrieved vars :
Xt = M(Xt-1) (can consider only H) |

a

i

Background A:nalysis ‘

BH”[HBH' + R]™!

/= L K

x? =x7 + K. (y? — H(x?))

Observations

/ YORH
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How To Construct B?
> (1) A simplistic method

> to assume diagonal background error covariance

> to tune error variance manually

> (2) NMC Method (NMC: U.S. National Meteorological Center)

~ Parrish and Derver (1992)
» taking difference between 24-h and analysis, and rescaled
~ To reflect 6-h forecast error
~ Later, differences between pairs of forecasts valid at the same time (e.g. 48 and 24 h forecasts)
were similarly used.
» one reason for using such a long lag was to mitigate diurnal signals

Parrish, D. F. and Derber, J. C. (1992):
The national meteorological center's spectral statistical-interpolation analysis system
Mon. Wea. Rev.,, 120, 1747-1763

Errico et al. (2014):
Use of an OSSE to evaluate background-error covariances estimated by the NMC method
QJRMS



NMC Method
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NMC Method
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DA Study w/ 40-variable Lorenz-96

Lorenz-96 model (Lorenz 1996) Forj 1..N Xj:ij
dX; /dt = (Xjy1 —Xi—2)Xj-1 — X; + F
Advection term Dissipation term Forcing term

NERETN « T — 2 FHCEREEAT OFE = — X

Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

By : @5 N¥EE7 1 Lorenz @ 40 =74 (LUF L96; Lorenz 1996) # {#i - THEED
F—AREFEEALCEEL, ke aEBETI. T—FALr A7 A EFERIC, 0062
—FAVITEILT, NFEETV v 77— 2F{biclid 2 EBAL TEx 5 ) BRI
2ERT 5,

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
going to perform various experiments with multiple data assimilation (DA) methods. By
actually coding a data assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.
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Text Books
@ Train

B O B szse

ing Description pswd: ceres
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NN NEREFNA + F— % FULEREEA OBE = — =
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[ty —— pe 7en Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

B
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@
-
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C {3 https:/kotsuki-lab.com/education/intern

BB : @5 .0%EF 0 Lorenz @ 40 BEEF 4 (LUF L96; Lorenz 1996) #{# » T D
F—AM{LFEEALEREL, Ry OERLITI. T—2RLry 27 L %2FERIC, 06
—FAvrTac ke, NEEF) w77 —2RHEICET 2 B TEx 5 | BEHEGT

HOME - FE-HREAl - FEAH

, (T A,
7 Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
// going to perform various experiments with multiple data assimilation (DA) methods. By
== A=y -
HEITVICDOWT /7 actually coding a data assimilation system from scratch, you will acquire practically "usahle"
// basic techniques related to mechanical modeling and data assimilation.
o RRELLTEBLTVEHEIL T YO—BERRALTLET. s
o FathrdHbELLES.I55( kotsuki.lablat)gmail.com }EFTITEB L, /
B ﬂ‘jw‘E‘Adf)fmrr‘}‘-mw-r'uétxglofﬂmﬁmzd sxoes, 7 y-F. 3 LTofErB6FEEL, L Tnw <, #AEEL77» 74— Liilbik
P v, TFRED MTG T, SEAEFEHRE L. FESEENL T 8RRz MTG
RREALN—@F / oftd, BEGHEZ G0 5. EAFEC2LTE, Fich 2k dhg, TAHEREO%E
% EREMCRoALTR BRGNS ORI ST, // 57z python 23 F b, T HEE TR A ERHECo—F 4 v 27T 2H, Thuk,
o —RICARMTNBERICEZOT. IS Review - MELTLIEY, IB'E'H:.E}T'J"% kl‘tf{ LTIFL ¢ ﬂlﬁ LTwE ﬁ“ﬁfﬁﬁﬂ'{" EX AR

R ; /
o MADER/LLIZ.BABR ERICHIARII—HIL TR TS . -
- Method: Implement and solve the following problems yourself. Any programing languages or

platforms can be used in this exercise. At the Kotsuki Lab. mtg, each personnel will report the
Training Course progress, and try to solve the problems. Questions are accepted during the MTG as well as at
the office when necessary. As for the programing language, python, which is easy to perform

Data Assimilation matrix operations, is recommended unless specific language is preferred. Also, vou should

Training Course

code in double precision instead of single precision. Otherwise, confirming whether

T perfarming properly or not compared to the previous studies will not be possible.

Kotsuki Laboratory, CERaS, Chiba Univaraity

https://kotsuki-lab.com,

- https://kotsuki-lab.com/internal-pages/

<
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Basic Task 5

3JockSrik & KF OWESERZ1T9 . & OFE, Bl - B R~ O & 3~
%

L]

5. Perform a comparative experiment between the 3D variational method and KF. At this

time, the dependence on the observation distribution and observation density is

investigated.



3DVAR (Full Observations)

when B is diagonal matrix.

Time-mean RMSE

2.5 - - -
minimized (0.3962) when
2 Ave B“ = 0.225
%)
@ 157
o
) 1}
@
0.5 | o6 o000 606696959
(analysis RMSE)
D 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6



Sensitivity to Obs. Network

Case 1: The Num. Obs. = X O &3 O &3 O 3 O
homogeneous
Case 2: The Num. Obs. = X O O O \\ &3 3 3
dense
«— n=40 ——
10000 \
Full Observations 20 Obs (Case1) /0 0100
- p=A) — & {00001 -
1000 O\t H=l00000 [/
/O 100 O\ \0 00O0O /
H = 00100 p=dg ’ R
0001 0 — n=40 —»
: / /1 0000 \
\O 00O 1/ + 20 Obs (Case?2) 01000
H = 00100 - o
00010 g
\O 0001 /




Sensitivity to Obs. Network

Case 1: The Num. Obs. = X O &3 O 3 O &3 O
homogeneous
Case 2: The Num. Obs. = X O O O X $3 £3
. n .
DA comparison de e DA comparison
14| 3DVAR —4— 4.5 3DVAR — &
A EKF —e— 4 EKF —e—
12— EnSRFEB member) —<— 35 | EnSRF (8 member) —=— |
" — LETKF (8 member) —=— TS LETKF {3 member) —=—
w PF (5000) o St PF (5000)
= s |
o o
§  — §
__._
35
Observations
0.4 .
3DVAR — 4 — \
EnSRF bor) __EnSRF (8 mefaber) =
n 8 member) —<— X,
w085 LETKF fa member; . W ALETKF 28 member) —=—
@) PF (5000) ® 451
= = b ‘
o 0.3} o
3 21
@ &
0.25 | 051
Case 1 Case 2
0.2 0
20 25 30 35 40 20 25 30 35
Observations (analysis RMSE) Observations
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Hints to Develop
KF & 3DVAR
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(1) Steps for KF & 3DVAR

State Prediction x? = M(x%,)
Background Error Cov. P? = MP2 M7 B (static)
Kalman Gain K, = PYHT[HPYHT + R]_l
State Analysis x? = x? + K. (y? — HxD))
Analysis Error Cov. P¢ = [I — K,H]P? /
: : 3DVAR
Starting with 3DVAR |

1.5+

1t

ave RMSE

is a good strategy, |
followed by KF 05 N

0
0 0.1 0.2 0.3 0.4 0.5 0.6
ave Pf
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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