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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

» Lecture: Ensemble Kalman Filter

» to introduce EnKF
» to understand PO method

> Training Course: Lorenz 96
> to iImplement PO method
> to implement localization
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Why EnKF?

Kalman Filter

Background error covariance cannot be
stored on RAMfor high dimensional models

- p—
T

Ptbn such as NWP (n~0O(1072~101)
|

Ex) if n=10° = 10'> x 8 byte = 8 TB

Ensemble Kalman Filter

— m  —

, _ OX2(exp)’ b
e 5Xt |

m—1

An approximation of error covariance

with ensemble perturbation matrix §X. m: ensemble size




Conceptual Images

Kalman Filter

obs error cov: R obs error cov: R



Ensemble Forecasts

Analysis Ensemble

_l,a@) a(2) a(m)
?_1—[xt_1 y Xy 1y Xy ]

Ensemble Forecasts

X2=[x2D,xP@, x|

¢ o Xe e Xy where xf(i) = M(X?Eil))

fori=1,...m
Ensemble Mean

m .
X = z x® /m
i=1

Ensemble Perturbation & represents ensemble perturbation

SXP=[PD) gt 3P g xbm _gt]

= _6xf(1), 6xf(2), e 6Xf(m) ] Z2=6X?/Nm —1



Approximation of P?

Error Propagation in Ensemble Forecasts 1 m ;
M(x® ) = _z W (Xa(l))
j—

sxP® — M( a(l)) M) - m L t-1
[M(Xt 1)+ M5Xa(l) — [M(X{_1) + (Moxt_ )]
= MSX?&)

1
—t O I

Q

— MOX{, (MSX{_,)" = MPL M = P/

Ensemble forecasts can be used for approximating
propagation of error covariance !



why m-1?

> Pls. study discussions on “unbiased variance”



Ensemble Kalman Filter

Ensemble Perturbation in Observation Space
Y2 = HZ ~ [H(X?) —H(X)-1|/Vm—1 ienoHisneeded
Error Covariance Approximation
PP ~20(20) = 6XP(8XY)' /Om—1)  HPYHT ~YP(V)T

Kalman Gain

We can choose inverse computation

K; = PfHT[HPfHT + R]_l depending on p and m.
~Z (Y)Y (YO +R] = Z7 [T+ (YW)TRTIYY] (V)R
pXxp mxm

><¢ usually R is diagonal (i.e., no obs error corr.)

-1
Z; (YO [YP (V)" +R]
= Z2[1+ ()TRIYE] T [1+ (F)TRIYVE] (V)T [YE (V)T +R]
= ZP[1+ ()R] (V)T [+ R O)T] [YP (YD)THR]

= Z2[1+ (YR (Y)TRTR + Y2OYD)T] [Y2 (YD) +R]




KF EnKF

Prediction (state) Ensemble Prediction (state)
b _ a b(i) a(i)
Xy = M(X —
t ( t—l) Xt =M (Xt—l fori=1,...m
Prediction of Error Cov. (explicitly) Prediction of Error Covariance (implicitly)
P> = MP% ,M” (+Q) Pb ~ 7b(ZP)
t — t—1 t ~ t( t)
Kalman Gain ) Kalman Gain
_ pbyurT buT - _ b rvb\T[vb (vD\T -1
K; = Pt H [HPt H" + R] K; = Zt (Yt) [Yt (Yt) +R]
-1
— 7b b\Tp—-1vyb b\Tp-—-1
=Z2[1+ (Y)TRIY?| "(Y))TR
Analysis (state) Analysis (state)
a _ b 0 b a — b 0] b
Xy =X; + Ke(yr —H(Xt)) X¢ = X¢ + Ke(yy — H(Xt))
Analysis Error Covariance Analysis Error Covariance
Pta — [l _ KtH] Pf (1) Stochas.tigz I?O method |
(2) Deterministic: Square Root Filter (SRF)
(e.g., serial EnSRF, EAKF, LETKF)




PO Method (stochastic)

. 0 randomly drawn perturbation
Analysis of Ensemble g~N(O,R) 5 verturbed observation

x*0 = x?D LK, (y0 + €2 — HExPDy)

Why do we need perturbation?

if w/o perturbation (to take ave. from both sides)\\\ K.RK”
. . . hS t t
a(l b(i b(1
6xt( ) ~ Sxt( ) _ KtH5Xt( ) = K, (€0 (e)T)K!

& §X¢=~ (1 — K.H)6X?

a a a\T . .
Py ~ 6X¢(6X¢)" /(m — 1) Analysis error covariance
is underestimated

(I- K.HP?(I-KH)T if without perturbation!

N@I’S et al. (1998)

Analysis error covariance

should be (cf. 4t lecture) Pt,fl = - KH)Ptb (I— KH)T '{-KRKT

-

S~ e~




EnKF (PO) Algorithm

= next time step
a e _ _Dext Time STE
/ Xt— 1 /

|
|
ensemble E
Prediction i
t1->10) | !
|
b(i) _ a(l) :
X, ( 1)
a
fOI‘l 1,.. Xt
Analysis ‘
Compute Kalman Gain
Background | -1

_ b b\T |wvDb b\T
VA K, =20 ()" [Y7 (V)" +R]
X — __ b bNTp-1vb]~ ! vb\Tp—-1
=Z2|1+ (Y)TRY?| "(YD)TR
Update Analysis Ensemble
Observations member loop for i=1,...m (for updating ith member)

S ye RH | x0D = xPO LR, (y0 + €2 — HxPDY)




Ensemble Kalman Filter

Forecast error
covariance P?

X? = M(X:_1)
p? = z(z0)"

Ensemble FCST]

Analysis error
covariance P£

ZP=6X2 /\/m — 1



Ensemble Kalman Filter

Forecast error
covariance P?

K, =HT[HT +R]7!

Observation error
covariance R



Ensemble Kalman Filter

K, =HT[HT +R]7!

¢ =X{ +K(y? —HXY)

Forecast error
covariance P?

Ensemble
update

Observation error
covariance R




Ensemble Kalman Filter

X{ = M (X¢_1)
P? = 67} (6Z})"

¢ =X; +K(y; —H
P =Z¢(Z;)"

Forecast error
covariance P?

Analysis
error
covariance

Forecast error
covariance
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Basic Task 5

6. EnKF %923 L, KF &Itifgd %, Whitaker and Hamill (2002)(Z X % Serial EnSRF,
Bishop et al. (2001)iZ X %4 ETKF, Hunt et al. (2007)(C X 4 LETKF, PO k7 & Djit
LD H B, 22 EIEET B 2 L
b b)) XAGr#o EnKF T, Fido FE2AR o Tw5, F X Tl PO
i, KRESQGURTlE Serial EnSRF, F A 7 « HATIZ LETKF 7z &, /NHEECHESE % iE
» 555177, LETKF ZHwiziffgiz L Tn 2 epiliEgdins 2o, LETKF o925
Y FHA TECL W

6. Implement EnKF and compare with KF. There are solutions such as Serial EnSRF by
Whitaker and Hamill (2002), ETKF by Bishop et al. (2001), LETKF and PO method by
Hunt et al. (2007). Implement at least two or more.

Hint) The above methods are often used in EnKF in the meteorological field. PO method
in Canada, Serial EnSRF in the US Meteorological Bureau, LETKF in Germany and
Japan, etc. When proceeding with research at Kotsuki Lab, it is expected that research

using LETKF will be carried out, so I would like you to work on the implementation of

LETKEF at least.



EnKF (PO) w/o Localization

(Ensemble size: 180)

(Ensemble size: 10)
w

—— analysis spread
—— RMSE (analysis-true)

m=10

e A e e A A At e At eeameteoeeeeecnri

0 -
0 50 100 150 200 250 300 350
Time (day)
257 —— analysis spread
—— RMSE (analysis-true)
2.0 A
1.5 1
1.0
0.5
00 ] T T T T T T T
0 50 100 150 200 250 300 350

Time (day)

(Ensemble size: 100)
w

— analysis spread
—— RMSE (analysis-true)

m=100

50 100 150 200 250 300 350
Time (day)

2.0 A

1.5 1

1.0

(Ensemble size: 500)

— analysis spread
—— RMSE (analysis-true)

50 100 150 200 250 300 350
Time (day)

no inflation is used here
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Treatments

Random number should be different
for each member and obs

(1) Perturbed Observations

a(l b(i 0 l :
Xt() :Xt() +Kt(Y/t0‘|: St( H( t())) fori=1,..,.m
this error should be modified so that an 2)(1) =0

o X! =% + K (y? — H(X?))

(2) Variance Inflation Specifically, generate random numbers €’ ()for i=1,,,m

m  r0(1)
1 6 2. Pb and compute their average €2 = =2, €,
lnf ( T ) Then, perturb with £2® =g — g2 that satisfies ¥, €2 = 0

= 6X0, = (1+6) - 6XP

Assimilating surrounding local obs.
(3) Localization to update centered grid x1 (%)

- to limit impacts of obs far from analysis grid points
for erroneous error “co’variance due to sampling errors
- several localizations have been proposed
- K localization (in PO or serial EnKF
- R localization (in LETKF)
- B localization (usually complex for high-dim modes) M Kekom o Leandert GO18).




Covariance localization (EnKF)

Empirical treatment for
(1) reducing sampling noise
(2) increasing the rank

P? > L o P

o : Schur product

Pb ~

m —

0 - 1.00
; ol " . ) |

5 = - - . . - -.- ! 0.75

o |l i ‘... - r!| o0
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Sampled error covariance
(ensemble approximation)
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Localization Function

: : ( 1 1 5 5
Gaspari Cohn Function 1— Zr5 n ?’A n §r3 . §‘r2 r<1)
d 1 . 1 A 5 2 5 5
— —1r’—=r"+=r°+=r
r= L=1% 12" "2 "8 73
J10/3 ¢ ) (1<r<2)
tuning parameter —5r 4+ 4 — —7”_1
: : 3
d: distance b ds
- distance b/w gri \ 0 2 <7)
0. localization length scale ,
Gaspari and Cohn (1999)
usually used in PO and serial EnSRF
Gaussian Function
( dZ
L(d) = : exp(—5—) d<2,/10/30
) ) 20 tuning parameter
d: distance b/w grids L 0 else

0. localization length scale

usually used in LETKF
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Localization weight

Localization Function

Localization Function

1.4 —— Gaspari&Cohn (sigma=1)

Gaspari&Cohn (sigma=3)
—— Gaspari&Cohn (sigma=5)
—— Gaspari&Cohn (sigma=7)

/

Localization weight

—— Gaussian (sigma=1)

Gaussian (sigma=3)

—— Gaussian (sigma=5)
—— Gaussian (sigma=7)
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Localization weight

40 30 20 -10 0 10 20 30
Euclidean distance

Localization Matrix (Gaussian Function)

og=1

og=3

20 30

Euclidean distance

——— Gaspari and Cohn (1999)
=== Gaussian-like function

T T T T

0 10 20 30 40

Euclidean distance

Prediction



Localization in PO method

Kalman Gain
-1
K, = ZP (Y))T[YP (Y2)T+R]

L : Localization Matrix
PPHT = Lo ZP(Y))T o:  Shur product
also known as Hadamard product

HPthT = Lo YZ? (Y{?)T or, element-wise product



Impacts of Localization (PO)

m=8, 0=1, 6=10% Inflation : V& o Z?

L96 + PO method (m=8, o=1, inflation=10%)

—— RMSE m=8
> b rvb\T [wb (vb T —1 e
K, = Lo Z2(YD)T|Y2(Y2)T+R]
4_
)
s 31
o
2_
1_
0 T T T T T T T
0 50 100 150 200 250 300 350
day
6 L96 + PO method (m=8, o=1, inflation=10%)
—— RMSE m=8
5 —— Spread

Lo Zb(Y))T{L o [Y2(Y2)T] + R}

w E
~
ﬂ
1
——

0 50 100 150 200 250 300 350
day

Localization should be applied for all “co”variance



EnKF (PO) w/ Localization

(variance inflation: 0.05; localization r: 40; M: .

(variance inflation: 0.05; localization r: 3; M: ¢

Tl

| —— RMSE (analysis-true)
24 ensemble m =40
localization o = 40

1_ 1] ]
inflation a =0.05
0_
0 50 100 150 200 250 300 350
Time (day)

—— Trace of covariance

3.0 A —— RMSE (analysis-true)

2.5 A

2.0 1

ensemble m =40
localization 0 =3
inflation a =0.05

1.5 1

1.0 1

0 50 100 150 200 250 300 350
Time (day)

(variance inflation: 0.05; localization r: 10; M: .

(variance inflation: 0.05; localization r: 1; M: ¢

—— Trace of covariance
—— RMSE (analysis-true)
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localization o = 10
inflation a =0.05
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—— Trace of covariance
—— RMSE (analysis-true)
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localization o = 1
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Implementing PO method via
ens. transform mtx

Tsuyuki, T., 2024:
A hybrid ensemble Kalman filter to mitigate non-Gaussianity in nonlinear data assimilation.
J. Meteor. Soc. Japan , 102 , 507-524.




Transform mtx of PO Method (1)

Random number should be different

Analysis of Ensemble for each member and obs

X?(i) _ X?(i) + Kt(YtO + S‘t)( H( t(l))) fori=1,..m
e ot

this error should be modified so that 27{11 St t) =0 & )_(? = )_(? + Kt(yg — H(X{?))

Namely, analysis mean X¢ is equal to that of EnSRFs (e.g. LETKF)
(Strictly speaking, they can be different because of B or R-localizations)

o X{ =X¢ + Ke(y? - 1+ E? — H(X?))

| minus analysis mean
Analysis of Ensemble Perturbations
6X¢ ~ §XP + K, (E? — H6XD)
& 78~ IV + K, (E?/Nm —1 — YD)




Transform mtx of PO Method (2)

Analysis of Ensemble Perturbations (PO)

7% ~ 7P + K, (E? /N'm — 1 — YD)
Kaiman gain K, = Z2[1+ (Y))TR™1YZ] ™ (Y))"R™?
& ¢~ ZP(1 - [I+ (YOTRYP] (Y)TRTYD) + K (B /Vm — 1)
= Z[1+ (Y)TRTYP] + K (B /Vm — 1)

Analysis of Ensemble Perturbations (ETKF) analysis ensemble can be
explained by

—-1/2 ensemble transform matrix!!!

¢ =Z¢[1+ (YO 'RV

I—[1+ (Y)TR-1Y?] " (Y2)TR-1YP
=1+ (Y{?)TR-lvg’]_l[l + (Y)TRIYP]| - |1+ (Y,f’)TR‘lY{?]_l(Y,f’)TR‘lY{?
= [1+ (YO)TR-1y?]



Hybrid (LETKF-PO)

Analysis Mean
should be equivalent for LETKF and PO X7 = )_(It? + K, (y? — H(X?))

Analysis Ensemble
PO Z8p, = ZP[1+ (YO)TRLY?| " + K (E/Nm — 1)
= ZPCcDCT + 2P cD 1T (Y))TR™Y(ES /Vm — 1)
= ZPcD1CT (1 + (YO)TR™Y(E? JvVm — 1))
ETF Z8prgr = Z2[1+ (YD)TR-1YP| /2
= Z/CD~1/2CT

Eigenvalue Decomposition (’ﬁa)—lz I+ (Yb)TR_le:CDCT
el e K, = Z2[1+ (Y2)TR-1Y?] (Y?)TR1




Hybrid (LETKF-PO), memo

Analysis Ensemble (PO)

@oo = Z2[1+ (YOTRIY?] ™ (1 + (Y2)TR™ (B2 /v'm — 1))

5X%p, = SXE[1+ (YO)TR-LY?] (1 + (Y2)TR™L(E? /Vm — 1))
Y? = §Y? /[Vm — 1
§X&po = 8X2 {(m— D)1+ (6Yf)TR‘15Yf?]_1((m — DI+ (8Y?)TRLE?)

Analysis Ensemble (LETKF) (P%) of Hunt LETKF
5Xt LETKF = 5X?[l + (Y)TR™1YP] /2
Y? = 8YP /m — 1

(P2)"?of Hunt LETKF
56X prxr = 6XPVm —1[(m — DI+ (8YP)"R™16YL]71/2

Zb = 6XP /Nm —1 S6YP = H6XP  YP = HZP = 6Y?P /Vvm — 1




Connection to non-Gaussianity
P¢ = [I - K H]P?

if "P? & R are Gaussian” and "H() is linear”,
" P/ becomes Gaussian

““““

v

b

Xt )
PtCl 1 A‘”” N
if "P2 , is Gaussian”, and "M is linear”, P? becommes Gaussian
Xa
t—1

In other words, non-Gaussian P2 ; leads to non-Gaussian P? even if M is linear.
The non-Gaussian P? yields non-Gaussian P2 if without any treatments.

Tsuyuki (2024) pointed out that PO can produce more Gaussian P{ because of

=X+ K (y? -1—HX?)+ KE?

Gaussian perturbation



jihank§yollfogyoldattention!

Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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