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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

» Lecture: serial EnSRF
» to introduce serial EnSRF

> Training Course: Lorenz 96
> to Implement serial EnSRF into L96
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KF EnKF

Prediction (state) Ensemble Prediction (state)
b _ a b(i) a(i)
Xy = M(X —
t ( t—l) Xt =M (Xt—l fori=1,...m
Prediction of Error Cov. (explicitly) Prediction of Error Covariance (implicitly)
P> = MP% ,M” (+Q) Pb ~ 7b(ZP)
t — t—1 t ~ t( t)
Kalman Gain ) Kalman Gain
_ pbyurT buT - _ b rvb\T[vb (vD\T -1
K; = Pt H [HPt H" + R] K; = Zt (Yt) [Yt (Yt) +R]
-1
— 7b b\Tp—-1vyb b\Tp-—-1
=Z2[1+ (Y)TRIY?| "(Y))TR
Analysis (state) Analysis (state)
a _ b 0 b a — b 0] b
Xy =X; + Ke(yy — H(Xt)) X¢ = X¢ + Ke(yy — H(Xt))
Analysis Error Covariance Analysis Error Covariance
Pta — [l _ KtH] Pf (1) Stochas.tigz I?O method |
(2) Deterministic: Square Root Filter (SRF)
(e.g., serial EnSRF, EAKF, LETKF)
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Square Root Filter (SRF)

SRF assumes the following update w/o adding perturbation in obs.

? . Z?W W (€ R™*™): Ensemble Ptb. Transform Matrix

and compute W that satisfies
P& = ZPwW(zZ2w)T
= [I - K H]Z{ (2 )"

However, SRF cannot determine W deterministically.
For example, for U that satisfies UUT =1,
a new matrix S = WU can be also a ptb. transform matrix since

P& = ZPW(Z2W)T=Z°WU(Z°WU YT =Z2S(ZPs )T

Question: how can we determine W?




Ensemble SRF (EnSRF)

EnSRF assumes the following ensemble update
Z¢ = [1 - KH|Z?
o [1- RH|PE[1 - RH] = [1— K H]P?
This equation was solved by Andrew (1968) such that
T3 byuT byuT -1/21" buT 1/2 1/2
K =P2H" [(HP?H” +R)""| |(HP?HT +R) 7" + RV?|

pXp matrix pXp matrix

-1

However, solving a pxp matrix is computationally expensive...
Serial EnSRF assimilates observation serially (i.e., p=1) Whitaker & Hamill (2002)

— -1
K = PPHT(HPPHT +R)™/*[(HPPHT + R)'” + RV?]
~1
= PPHT(HPPH™ +R) ™ (HPYHT + R)"* [(HPPHT + R)"* + R?]

=K [1 + \/R/(HPthT + R)]_l

scalar since now assimilating one observation




Serial EnSRF Algorithm

= next time step =
Xa _____________________________________ a
/ t—1 t

ensemble Analysis
Prediction Update Analysis Ensemble
(121 obs loop for i=1,...,p (for assimilating ith observation) |
Xb(l) M (x a(l)) (1) Compute Kalman Gain by
Cfori=1 K, = Z2 (Y)T[YP (Y? T+R]
for i=1,...m e =L (Ye) | Ye (Ye)

— 7b b\Tp—-1vyb b\Tp—1
= 7P[1+ (Y))TR-1Y?] (Y?)TR

Background | (2) Mean update

S | MR K (v - HGD)

(3) Perturbation update

Observations = [I — KH]Zb where

/yf?,R,H // | K= K[1+\/R/(HP”HT+R)]

Regarding AN as FG for 2nd-pth obs (X% - X'?)
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Serial EnSRF Algorithm

<+« FCST — < Serial Data Assimilation (i=1.,,p) —— <+ FCST —
DA of 1st obs DA of 2nd obs DA of 3rd obs
) R N updated ]
o—0 o ': I o—©
o—0 ote o ® 34 o—0
update
o—o obs g ™ ——
o ® st updated . ® >®
- e obsA ::) .: T ; @ o—0
\ localization Repeat for
- ® ZBd function all obs - ®
obs "
o—0 ; L A A o—0
localization
® *®  function ® ® >®
o—0 oL ®o—0
localization
o—0 ® functon @ ® o>—0
o—0 o o o o—0
a b a 'b ra b a b
t—1 Xt Xt = X Xt~ Xy Xi Xti1

Point!: Regarding the updated state as the background for assimilating 2nd obs.
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Limitations for parallelization
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Basic Task 5

6. EnKF %933, KF & Itifgd %, Whitaker and Hamill (2002)(C X % Serial EnSRF,
Bishop et al. (2001)iZ X % ETKF, Hunt et al. (2007){Z X %2 LETKF, PO ik7: & DfiE
LD H B, 22 EIEET B 2 L
b b)) XAGr#o EnKF T, Fido FE2AR o Tw5, F X Tl PO
i, KRESQGURTlE Serial EnSRF, F A 7 « HATIZ LETKF 7z &, /NHEECHESE % iE
» 555177, LETKF ZHwiziffgiz L Tn 2 epiliEgdins 2o, LETKF o925
Y FHA TECL W

6. Implement EnKF and compare with KF. There are solutions such as Serial EnSRF by
Whitaker and Hamill (2002), ETKF by Bishop et al. (2001), LETKF and PO method by
Hunt et al. (2007). Implement at least two or more.

Hint) The above methods are often used in EnKF in the meteorological field. PO method
in Canada, Serial EnSRF in the US Meteorological Bureau, LETKF in Germany and
Japan, etc. When proceeding with research at Kotsuki Lab, it is expected that research

using LETKF will be carried out, so I would like you to work on the implementation of

LETKEF at least.



Techniques for serial EnSRF

: : ( 1 1 5 5
Gaspari Cohn Function 1_Zr5 +§r4+§r3 —§r2 r<1)
d 1 5 1 4 5 3 5 2
— —7r°—=r"+=r°+=r
r= L=< 12" "2 T8 T3
Jio3e i (1<r=<2)
tuning parameter —571 4+ 4 — —7”_1
. : 3
d: dist b d
Istance b/w grids \ 0 2 <7)

0. localization length scale _
Gaspari and Cohn (1999)

Localization

Because of assimilating observation serially, analysis equation is
—a —b : —b
X, = X; + Kk, (yo(‘) - hxt)

Kalman Gain (€ R™) ith obs (scalar) obs ope for ith obs

Localize k depending on distance b/w grid and obs using the GC function.

Inflation Note: this inflation should be applied

6X1?nf = (1+ 5)5Xb only once at assimilating 1st obs!

g (i.e. no inflation for assimilating 2nd-pth obs)




Analysis RMSE (Serial EnSRF)

Y axis: inflation factor (8)

Y axis: inflation factor (8)
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Sensitivity to Obs. Network

Case 1: The Num. Obs. = X O &3 O 3 O &3 O
homogeneous
Case 2: The Num. Obs. = X O O O X $3 £3
. n .
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Kotsuki et al. (2017)

Analysis RMSE with 40 observations w/ L96 (w/ best loc. scale)

(a) Experiment 1 [ Ensemble :: 04 ] (b) Experiment 1 [ Ensemble :: 08 ] {c) Experiment 1 [ Ensemble :: 16 ]
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LETKF Serial EnSRF

Kotsuki, S., Greybush, S., and Miyoshi, T. (2017):
Can we optimize the assimilation order in the serial ensemble Kalman filter?
A study with the Lorenz-96 model. Mon. Wea. Rev., 145, 4977-4995.
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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