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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

» Lecture: LETKF
» to introduce ETKF
» to introduce LETKF

> Training Course: Lorenz 96
> to Implement LETKF into L96



Ensemble Kalman Filter
(EnKF)
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KF EnKF

Prediction (state) Ensemble Prediction (state)
b _ a b(i) a(i)
Xy = M(X —
t ( t—l) Xt =M (Xt—l fori=1,...m
Prediction of Error Cov. (explicitly) Prediction of Error Covariance (implicitly)
P> = MP% ,M” (+Q) Pb ~ 7b(ZP)
t — t—1 t ~ t( t)
Kalman Gain ) Kalman Gain
_ pbyurT buT - _ b rvb\T[vb (vD\T -1
K; = Pt H [HPt H" + R] K; = Zt (Yt) [Yt (Yt) +R]
-1
— 7b b\Tp—-1vyb b\Tp-—-1
=Z2[1+ (Y)TRIY?| "(Y))TR
Analysis (state) Analysis (state)
a _ b 0 b a — b 0] b
Xy =X; + Ke(yy — H(Xt)) X¢ = X¢ + Ke(yy — H(Xt))
Analysis Error Covariance Analysis Error Covariance
Pta — [l _ KtH] Pf (1) Stochas.tigz I?O method |
(2) Deterministic: Square Root Filter (SRF)
(e.g., serial EnSRF, EAKF, LETKF)




Square Root Filter (SRF)

SRF assumes the following update w/o adding perturbation in obs.

? . Z?W W (€ R™*™): Ensemble Ptb. Transform Matrix

and compute W that satisfies
P& = ZPwW(zZ2w)T
= [I - K H]Z{ (2 )"

However, SRF cannot determine W deterministically.
For example, for U that satisfies UUT =1,
a new matrix S = WU can be also a ptb. transform matrix since

P& = ZPW(Z2W)T=Z°WU(Z°WU YT =Z2S(ZPs )T

Question: how can we determine W?




Ensemble Transform
Kalman Filter




Data Assimilation

model space projection
Pb H
—
a < >
P standard Kalman filter

Kalman Gain
K = PPHT(HP’HT + R)_ = P®HTR"!

Analysis Error Covariance

- il
- -
- -~
- S~o

-
‘~_ -

Analysis Update Equation
x? =x" + Kd°" = P¢[(P")"'x? + HTR " 1y°]

See Lecture 5 on 3DVAR for more details of equations



Ensemble Transform KF

projection

model space
Pb — pr’b (Zb)T
P2 = Zbﬁa(zb)T

A
y

© standard Kalman filter

y A Y? = HZ?

projection

ensemble
transformation

ensemble space

P’ =1
Pt = [(ﬁb)—l 1+ (Yb)TR—le]_1

b — b - Bishop et al. (2001; MWR)
1" = 6X /\/m 1 Figure adopted from Kotsuki et al. (2020; QJRMS)



ETKF

* There are two cultures. Each has its own strengths and weaknesses.

» The difference comes from the way to span the ensemble sub-space.

* They are mathematically identical

To span ensemble subspace by Z? = §X?/v/m — 1 To span ensemble subspace by §X°
pb = zbPb(zb)’ pb = 5X"PP(s5x")"
pa = 7bPa(zb)’ P = 5X2P2(5X?)"
tilde hat
Y? = HZ? 5Y? = H6XP
e.g. Bishop et al. (2001) e.g. Hunt et al. (2007)

Both consider (m-1)-dimensional ensemble subspace



ETKF (Ens. Trans. KF)
ensemble subspace by Z° ensemble subspace by §X?

pb = 70Pb(zP)' Pb = 5XPPP(6X7)

P = 5X2P%(5XP)"

& Background Ervor Cov. . AT
T - _
P =mT5Xb(5Xb) = P? =1 P’ =1/(m—-1)
@ Analysis Error Cov. 12 12
P2 = LSX“(5X“)T = 7% = Zb[ﬁa] = 0X* = 6Xb[(m — 1)?“]
m—1
3 Analysis Increment
5% = Kd°™P = PAHTR™1d°?  =ZPPo(Y?)'R-1d°? = §XPP4(sY?) R-1do
@ Analysis Equation (’p’a)_l - (P + (Yb)TR_le (’pa)_l — (Pb)~1 + (SYb)TR_15Yb

_ -1 _
&P = |1+ (V") RV o Pe = [m— D1+ (6v2) R1sv?]



Eigenvalue Decomposition

Analysis Equations
_ = T ~
mean §x* = ZPP%(Y?) R™1d°? = Z2Pw
. ~ . w e R™ :weight vector
perturbation Z% = Zb(Pa)1/2= wa W € R™*™ : weight matrix

Eigenvalue Decomposition

(ﬁa)_lz I + (Yb)TR—lechCT C € R™™: eigenvectors
D € R"™*™: eigenvalues (diagonal)
= P*=CD"1C"&

= (PH1/2=cD~1/2CT rank(1 + (Y?)' R-1Y?) is always m
because of adding | € R™*™,

Hunt et al. (2007)'s approach requiring O(m3)

Analysis Update Equation
1=[1,1,...,1]" : column vector with ones.

X =x2.17 +vVm — 1Z¢ T € R™™ : transform matrix of the ETKF
= x> +2°W) - 1T + Vm — 12°W = xP - 17 + Z°T
where T=W-1T + Vm — 1W = [ﬁa(Yb)TR—ldO—b 1T +vVm -1 (ﬁa)l/z]



Eigenvalue Decomposition " Fox

Analysis Equations
_ = T _ _ ~
mean 6% = §XPPY(8YP) R71doP = 6XPw
_ = . w e R™ :weight vector
perturbation  §X“ = 6Xb((m — 1)Pa)1/2: SX"W W € R™*™ : weight matrix
Eigenvalue Decomposition
(PH)~1=|(m — 1)1 + (5Y?) R-15YP=CDCT|  C€R™™: eigenvectors
D € R™*™: eigenvalues (diagonal)
= P2=CD"1C’& .
Hunt et al. (2007)'s approach requiring O(m3)
= (PY)Y2=cD~ /2T rank((m — DI + (5Y?) R-16Y?) is always m
because of adding (m-1)I € R™*™,

Analysis Update Equati '
nalysis Update tquation 1=[1,1,...,117: column vector with ones.

a —xga.1T 4 §X“ T € R™™ : transform matrix of the ETKF
= (X0 + 6XPW) - 1T + 6XPW = %P . 1T + 6X'T

where  T=w-1T+W = [13“(5Yb)TR-1d0-b 1T + ((m - 1)’ﬁa)1/z]



Analysis Update Equations

X4 =xb .17 4+ ZPT X =xb. 1T 4+ §XPT
where T=w- 17 +Vvm — 1W where T=w- 1T + W
1 _
X% = XPT X% = XPT
m—1
Proof Proof
1 — —
XPT = (%0 - 1T + Vm — 1Z°)T XPT = (%P - 17 + 6XP)T
e A e )
=xb . 1T 4+ ZPT =xP .17 4+ §X°T
_ b  4TTF —_ b . 1T
here %P . 1TT = vm — 1% - 17 here X°-1'T=Xx"-1
because of 17T =vm — 117 because of E(T)ij =
=1



Characteristics of Transform Matrices




Symmetric Square Root

SRF including ETKF assumes the following update equation.

g — Z?W We cannot determine W uniquely

The symmetric square root matric (P%)/2
can be determined deterministically!

70 — Zb(ﬁa)l/z where (p'a)l/ZZCD—l/ZCT

Importance

» Since the LETKF generates analysis ens. perturbations as Z¢ = Z’W at all model grid
points independently, the smooth transition of W in space is essential not to produce
imbalanced analysis ensemble.

Symmetric Square Root

* The symmetric of W = (P%)1/2 ensures a spatially smooth transition of (P%)/? from one
grid point to the next (Hunt et al. 2007).

« The symmetric square root matrix also ensures the analysis ensemble perturbations are
consistent with the background ensemble perturbations because it minimizes the mean
square distance b/w (P%)'/? and I (cf. Appendix C of Wang et al. 2004). ,tsui and Bishop 2022)



Proof

ptb update Eq. 2% = ZPW W = (P¢)"* = cD~V/2¢T
where (P%) ™" = [1 +(Y?)'R71Y| = cpc”
m p p m zeros
T . _ _
Sleyrew] =3 S, @0, Y W), s +Y ), -
LJ ’ ’ : ’

j=1 k=11=1 j=1 i=1

= 1 e — \1/2 = _ ONES, posterior perturbation Z¢ is given by

E(Pa). =1 E(Pa). =1 2 wW,=1 linear combination of prior members.

=1 b = b = » This also holds for i because of symmetric.

0=[0,0,...,0]" : column vector with zeros.

mean update Eq.  5%® = ZPP4(Y?) R-1do = =17°"W

77777777777777777777777777777777777777777777 zeros

i(u)k _ i Z(Yb)l,k(R—ldo—b)l Z(R—1do b) Z(Yb)lk

k=1
ones m

i(wh - i i(Pa)lkm)k Z(wk E(Pa)m Z(wk =0
i=1

i=1k=1




Proof
S _\1/2
ptb update Eq.  6X@ = 6X*W W = ((n-1)P?) "~ = cD~Y/2CT

where (P%)"" = [1+ (6Y”) R15¥?| = cDCT

m . p D m Zeros m
Z [(5Yb) R_l‘wb]i,- = z Z((wb)k’i(k—l)k,lz((wb)u = Z((wb)k,i =
j=1 ’ k=11=1 j=1 i=1

m m m

~ \—1 ~ \N1/2
E(Pa)i’j —m-11e Z(Pa)i,ﬁ —1//m z
= j=1 j=1

- -

(Pa)™ —‘(m—l)I+(5Yb) R15YP

——————

0=[0,0,...,0]" : column vector with zeros.

mean update Eq. X% = 5XbPa(5Yb)TR_1d0_b = 6XPw

fffffffffffffffffffffffffffffffffffffffffffffffffffffff u zeros

2(u)k = 22(5‘(1’)1,;«(1‘_1"0_1’)1 = zp:(R‘ldO‘b)l i(avb)l’k =

m m (m s m

im)sz (Pa)lkm)kZ(u)kZ(Pa)Lk Z(wk—o
i=1

=1 k=1




Summary

@ =xP 1T + Z'T

~

T=w-1T +Vm —1W

where

sum=>1
o —fum=1 N
(P®) " =1+ (Y?) R'Y

sum=>1
sum=>1

W= (P
sum=0

7~

W

sum=\Vm-1

~

T=w-1T +Vvm — 1W

sum=>(m-1)

. —1Sum=>(m-1) T
(P?) ~ = (m— DI+ (8Y?) R716Y?
sum=>1

R sum=>1 R
W= ((m - 1)P*
sum=>0

)1/2



Other Characteristics

Eigenvalues & Eigenvectors AX = AX © (A — A)x =0

This equation means that if we add kl for matrix A,
(1) eigenvalue increases A=» A+k, and
(2) eigenvectors are unchanged.

(a) Regularization :: adding A, | for a matrix to reduce condition number (CN)

le

CN = Apax/Amin + @Nd required condition number is Kreq

y _ Amax + Ainc o 1. = Amax — Amin’creq
red Amin + Ainc e K‘req —1
(b) Large-ensemble ETKF (Pa — [(m — 1)[ + (Yb) R‘le] = CDCT

We can first solve eigenvalue decomposition of (Yb) R™1Y?,

and add m-1 to get eigenvalues of (f)'a)_? Eigenvectors are unchanged.
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ETKF = LETKF (Local ETKF)

localization Adopted from
________________________ / Kotsuki et al. (2020; QJRMS)

S Y e <
/ A Y : observations
AR SR

*a) W 8 : analysis grid points

1 Ea ik ,,,,,,,, of the LETKF
L s s e

* The LETKF computes the transform matrix T at every
model grid point by assimilating surrounding obs within
a prescribed localization cutoff radius.

* And the LETKF updates analysis ensemble at every
model grid point



R-localization ol i
Gaussian Function
(
L(d) = exp(— 2) d<2,10/30
d: distance b/w grids O “tuning parameter
o: localization length scale \ 0 else

R-localization (to reduce impacts of obs far from anl. grid point)

-1 Localized obs error variance
(Rloc)ii < Rii L(d) of ith observation

Localized R is used for Assimilating surrounding local obs.

. .. to update centered grid x1 (*) V.
Eigenvalue decomposition

(PY~1=1+ (Y?) R;LY?=CDCT

mean update equation

5% ZbP“(Yb) R; Ldob

Figure 1.3: Example of a latitude circle of the earth, divided into n equal
EzEE aCEE, Kekem and Leendert (2018)
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LETKF

next time step =
/ Xa A £
t_

t
ensemble Analysis ‘
P(;e1d|;’u?)n (1) Preparation Step
_ ¥ _ — —b
b() _ pr ™D Ze, Y7 = HZg, 4270 = yg — H(X:)
Xt ( ) (2) Local Analysis
fOI‘l 1,...m grid loop for i=1,...,n (for updating ith grid points)
(2.1) Eigenvalue Decompositt’on
(PH =1+ (Yb) R;LY?=CcDCT
Background |

’ = P¢=CcD1CT & (P*)Y/?=cD~1/2CT
/ Xlg /-» (2.2) Update Ensemble

@ =% -1+ ZPT
Observations

/ > T = [Pe(v?) Rpid?™ - 1+ Vm — 1 (P%)'/?]
yv¢, R, H

*| (3) Collect analysis ens of all model grid points
to obtain X¢ for subsequent forecasts




LETKF

90N 17—
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o
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Y iy o
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" L] v._- " on LI L]
7 e
LI LI X - L]
LB -||--|-|--||- " = om o L)
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do it

606111110
306 60E  90E  120F
LETKF can be parallelized for model grid points

90S +
0

+ : model grid points
X : observing station
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Basic Task 5

6. EnKF %923 L, KF &Itifgd %, Whitaker and Hamill (2002)(Z X % Serial EnSRF,
Bishop et al. (2001)iZ X % ETKF, Hunt et al. (2007)(C X %5 LETKF, PO i}i7z & Dfif
LD H B, 22 EIEET B 2 L
b b)) XAGr#o EnKF T, Fido FE2AR o Tw5, F X Tl PO
i, KRESQGURTlE Serial EnSRF, F A 7 « HATIZ LETKF 7z &, /NHEECHESE % iE
» 555177, LETKF ZHwiziffgiz L Tn 2 epiliEgdins 2o, LETKF o925
Y FHA TECL W

6. Implement EnKF and compare with KF. There are solutions such as Serial EnSRF by
Whitaker and Hamill (2002), ETKF by Bishop et al. (2001), LETKF and PO method by
Hunt et al. (2007). Implement at least two or more.

Hint) The above methods are often used in EnKF in the meteorological field. PO method
in Canada, Serial EnSRF in the US Meteorological Bureau, LETKF in Germany and
Japan, etc. When proceeding with research at Kotsuki Lab, it is expected that research

using LETKF will be carried out, so I would like you to work on the implementation of

LETKEF at least.



Techniques for LETKF

Gaussian Function d: distance b/w grids
/ 2 0. localization length scale

L(d) = {exp(— 202) d < 2,10/30

tuning parameter

L 0 else

(Rloc)ii‘_ Rii L(d)_l localized obs error variance of ith observation

Localization

@ =Xb +7Z°T

T =[Pe(¥)) ReLd?™ - 1+ Vm— 1 (P9)'/?]
where EVD is solved by (P%)~1= 1 + (Y?)' RpLY?=CDC”

Inflation

6Xinr = (14 6)6XP
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Analysis RMSE (Serial EnSRF vs. LETKF)

RMSE  NENS=8 NOBS=20
5 a |

Lorenz2f Analysis RMSE NOBS=20 Serial EnkF (MEV=3)
T

I\Iu.h P

0.1

FILTER DIVERGENCE

Miyoshi (2006) |
Serial EnSRF ]

1 1 1
3 4 5 g ¥ B o 10

Y axis: inflation factor (8)

L = = =
T — ——
P L
g"'grnq,‘__,,,.r-—-—.,fs
U‘d_a
ra T/va

(=]

3
|-
—

Schur product length scale
0.3% 0375 G4 0425  G.45  0.475 0.5 1 ath

RMSE NENS=8 NOBS=20 o S it i st

. ‘:f{ |Jr T T LU §
T / &
- Q.clq?‘? g

covanance infaton facior
(=] (=] (=] (=] =]
= & & S &
=I5z T T
0475
E———
STF0
o"\\
& ﬂ'
o Ca

FILTER DNVERGEMCE

Miyoshi (2006) |
LETKF '

7 a a 10

Y axis: inflation factor (8)
E

n.ne-,,%
)
3 T 1 L] [ 7 ) ] 10 n'mllh '\,\\\:J? 3 _:1_
s oss ows oa = X axis: localization length scale (o)

5 8
Schur product length scale



Sensitivity to Obs. Network

Case 1: The Num. Obs. = X O &3 O 3 O &3 O
homogeneous
Case 2: The Num. Obs. = X O O O X $3 £3
. n .
DA comparison de e DA comparison
14| 3DVAR —4— 4.5 3DVAR — &
A EKF —e— 4 EKF —e—
12— EnSRFEB member) —<— 35 | EnSRF (8 member) —=— |
" — LETKF (8 member) —=— TS LETKF {3 member) —=—
w PF (5000) o St PF (5000)
= s |
o o
§  — §
__._
35
Observations
0.4 .
3DVAR — 4 — \
EnSRF bor) __EnSRF (8 mefaber) =
n 8 member) —<— X,
W 085 LETKF fa member; . W ALETKF 28 member) —=—
@) PF (5000) ® 451
= = b ‘
o 0.3} o
3 21
@ &
0.25 | 051
Case 1 Case 2
0.2 0
20 25 30 35 40 20 25 30 35
Observations (analysis RMSE) Observations
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Kotsuki et al. (2017)

Analysis RMSE with 40 observations w/ L96 (w/ best loc. scale)

(a) Experiment 1 [ Ensemble :: 04 ] (b) Experiment 1 [ Ensemble :: 08 ] {c) Experiment 1 [ Ensemble :: 16 ]

0.32 023 — 021 ¢
0.315 | H { 0.225 | { 0.205 |
0.31 | - { o.22 | } { 0.2 |
1 g -
0.305 | i { 0215 Foviannnaans Y I IRRReeS ey { 0.195 |
w o w s [
= [t P g | e 8 ENY gl i = : : I z Lo LU2L . I
'3295= .\.|.. ',LI” L.lJ 0205. I 1 | 0_135| = .-\.|- EER
m’_ = E o | . = E By . b= E
0:29 | Bt e 0.2 | P B = e 0.18 | | i Lo
L @ 2 o e\ HE L& » =@ 2 N o 23
0285 = NSl Mo S 8 38 ons i WX bio wio & BIE oa7s | E wmeX bio ke & 32
oo Lo EE[2 = = = == o= EEZ EZ @2 2 &3 op L= (EZE] @3 ®2 2 &=
T LETKF  RANDOM  BW.T  BW-FO  Wos  EFSO " LETKF RANDOM  BW.T BW-FO Wos EFSO " LETKF RANDOM  BW-T BWFO Woe EFSO

LETKF Serial EnSRF

Kotsuki, S., Greybush, S., and Miyoshi, T. (2017):
Can we optimize the assimilation order in the serial ensemble Kalman filter?
A study with the Lorenz-96 model. Mon. Wea. Rev., 145, 4977-4995.
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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