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DA Lectures A (Basic Course)

> (1) Introduction and NWP

> (2) Deterministic Chaos and Lorenz-96 model
> (3) A toy model and Bayesian estimation

> (4) Kalman Filter (KF)

>~ (5) 3D Variational Method (3DVAR)

> (6) Ensemble Kalman Filter (PO method)

> (7) Serial Ens. Square Root Filter (Serial EnSRF)
> (8) Local Ens. Transform Kalman Filter (LETKF)
> (9) Innovation Statistics

> (10) Adaptive Inflations

> (11) 4D Variational Method (4DVAR)



Today’s Goal

> Lecture
- what is the 4D-Var?
>~ what is the cost function of 4DVAR?
>~ what iIs adjoint and back propagation?

> Training Course
> to implement 4DVAR
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3DVAR Equations

Kalman Gain
K, =BH"(R+HBH")! = AH'R™!
Analysis Error Covariance
A=(I-KHB © A 1'1=B14+H'R'H
Analysis Update Equation

x? =x? + K,d?7? = A|B~1x? + HTR1y?]
o A xi= B—lx’g + HTRty;
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Conceptual Image of 4DVAR
4D-Var Observations ~N(y0’ R)

Forecast
w DA

First Guess

Forecast

X 0%0%o N w/o DA
\\ - \\ \‘ /, >
& Data Assimilation Window —~— > time
Cost Fu nCtion\\\ Regularization \\\‘\\“// Misfit t0 4d Obe
K ‘

1 1
J(xo) = E(XO - Xo) B;'(xo — x§)|H EE(HL'(MHO(XO)) -y )TRi_l(Hi(Muo(Xo)) -y?)
i=1

incremental form  x, = x5 + 6%,

J(6%0) ~ 5 5X03015X0 2 (HMpo 5%, — a7 %) Ry (i (Mygo (x0)) = ¥7)
d™"=y{ — Hy(Mijo (x5))

M;)o(): nonlinear model from t=0 to t=i, H;(): nonlinear obs. operator at t=i




4DVAR Equation

Cost Function (scalar) ) Tangent Linear Model M;jo = M;_; --* M1 M,
1 NT_
J(6xp) = —5Xo 0By tox, + Zf (H;M;)06%0 — df ™) Ry (H;(Mj10(%0)) — ¥7)
i=1

Jacobian (€ R")

J]
0(6%o)

numerical model  ops operator

~ Byl(6%,) + z Mg - M{_,M/_H{[R;* (H; (Mj0(%0)) — ¥7)

backpropagations

Hessian (€ R™")

a n - J—
a5z 2~ Bo o Z Mg - M{_,M{_ H/R;'H; M;_; ---M; M, = Aj"

Problem to be solved

=0 x$ = x5 + 6x¢

X; = M;0(X0)

o0xg = argmin J(6x,) subject t06(5x0)




Why Hessian is A-1?

Cost Function w.r.t. background and analysis (scalar)
k
1 T 1 T _
J(Xq) = > (xo —x§) Byt(xo —x§) + z 5 (Hi(Mi10(%0)) =y ) Ry Y(Hi(Myjo(%0)) — ¥7)
i=1
=5 (xo —x5)TAG (%o — x§)

Jacobian (€ R")

d]
0(Xo)

~ Aal(xo — Xg)

Hessian (€ R™*")
0%]
d(x)?

~ A1
~ A




Nonlinear, TLM & ADJ models

Updated

trajecto
X; J ry

First Guess
X0

- Background
Xp “0Xy = Xg — Xq trajectory
>
t=0 t=1 time
Nonlinear Models: M;,(), H;()
b —
X = Mi|o(X8) X; = Mjjo(Xo)

Tangent Linear Models (TLM): M; o, H;

b ~y
0x; = Myjo0xg = My_q - MyModx,  Hi(x;)) — Hi(x7) =~ H;dxq
Adjoint Model (ADJ): M, H

Mg M?—ZM{—1H{ Update needed




Flow-dependent B in 4DVAR

Analysis of 3DVAR assimilating obs at time k
x? = x2 + BHT (H BH] + R, dg™? Iz,
static background (B) is used \J'\s
m—l
Analysis of 4dDVAR 0 k  time

J(6%0) = %5X€B615X0 T % (HiMyo 0% — dﬁ_b)TRil(HkaMxo - d;™")
0]
3(%,)

= (Bal + M£|0H£RE1HkMk|0)5Xo — MEOHZR;le"’

~ By1(6x%,) + M,Z,OH,CR;l(HkMklOaxO —dy?)=0

- - -1 — _
= 5X0 = (Bol + M£|0H£Rk1HkMk|0) M£|OH£Rk1dz ’
-1 _
L e 5X0 = BOM£|OH£(HRMRIOBOM£|OH£ + Rk) dz b
x% = xP + M(5x)

-1 _
~ Xp, + My oBoMp oHi (He My oBoMy o HE + Ry) “df"
flow-dependent background (Mk|0B0M£|O) Is used




The cost function at time k

assimilating obs at time k

L=

Cost function of analysis time 0 0 k time

1 B 1 T _
J(6x,) = Ec?ngOl(Sxo + E(HkMk|05x0 +d77") R (HeMy 06%, — d~?)

Cost function of analysis time k

1 1
J(6x;) = E&x};B,;l(Sxk +5 (H 6%, + dg-b)TRgl(Hk(Sxk —dg?)



Characteristics of Cost

Preparation a simple 3DVAR case is considered
d=y° - H®xD) H(x%) —y° = H(x* —x?”) —d = —R(HBH” + R)"!d

(dd”) = HBHT + R x%—x? = BHT(HBHT + R)"1 d

Cost Function w.r.t. analysis (scalar)
1 1
J ) = (x - x?) B 1(x% — x?) + S (HED -y ) R HE) —y°)
1
—_qT T -1 T T -1
=5 d'(HBH" +R) HW{BH (HBH' +R)"" d

1
+-d"(HBHT + R)"'RR-'R(HBH” + R)~' d

=~d"(HBH” + R)~' d = _tr[(HBH" + R)~dd"]

(J(x4)) = —tr[ |=p/2 where p is the number of observations




Iterative Solver
(BFGS method)




How to solve 4DVAR?

Problem to be solved 1 Nel\ivton method
(wiki)

o0x§ = argmin J(6x,) subjectto 0

3(6%,)
Newton Method

after jth iteration (5x{;), to obtain s; that satisfies: /] (5xé + sf) =0

Talyer expansion gives /] (6xé) +J" (5Xé) si~x0os/~— [].. (6xé)]_1 v (5XJ')

oxytt = ox) +s/ = ox) - )" ( 5x{;)]_1 v/ (8x5)

, , to update 6x’, iterativel
And obtain 6xg when |5x{,+1 = 6x{)| ~0 P 0 y

Here, Hessian matrix (J" ((Sx{;) € R™™M) is given by
. k
J(6x)) ~ Bzt + ) MMM HIRTH,M, - M, M, = AG?
i=1
=> Quasi-Newton method:

(1) without having Ag? explicitly
(2) to approximate A;by a positive definite matrix Q for inversion



Quasi-Newton Method

Secant Conditions Let Q’ be a positive definite matrix that
approximates the Hessian matrix (i.e, Q/ = J" (6x{)) ~ Ajl)

Suppose we have Q/, and would like to update Q/*1 for the next iteration

Taylor Apgproximation

V] (5Xé) =V (6xé+1 — sf) ~ V] (6x{;+1) —J" (6xé+1) s/ = 7] (6xé+1) — Q/*1s)

Secant Equation

Secant condition Qj+1sj =u/ where u = V] (5xé+1) —VJ (5x{;)
s/ = 6x)*" — 6x)

There are many matrices that satisfy the Secant Condition (e.g., DFP, BFGS, SR1).

BFGS method (widely used in 4DVAR for NWP) "

stj(stj)T N w (w7

NTQsT | (s)Tu

QJ'+1 — QJ' _

Usually Q° =1




Algorithm of BFGS method

to set initial condition (6x) = 0 and Q% =)

to compute the update direction by s/ = —(Q/)”'7J (5X£)

to compute the update parameter a/ by Armijo Condition

(there may be other efficient condition such as Wolfe's condition)

to update 6x!*" = 6x! + a's/

stj(stj)T w ()T
(sHTQs] ' (sHTu)

to update Q/*1 = Q/ —

to repeat steps 2-5 until ‘\7] (5Xé+1)‘ <e¢ .
e.g. € =107

uole.sal




Armijo Condition

To obtain an appropriate update parameter o’

Armijo Condition d (6X£ * ajsj) =) (5Xé) +&alv] (5X£)T s/

0<é<1

1. setparameters0<é<1,0<1t<1

2. setinitial condition: a! = 1

Algorithm

3. end the algorithm if o/ satisfies the condition

4. If not, updatea:,]('+1 = m,’c'and go back Step 3
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ECMWF 4DVAR (2015)

IFS Documentation (2015)

.l'” = Xh
X; seveseneees » High-resolution non-linear trajectory
o
=]
ke)
5 dx,=0
@
z4
@]
& Low-resolution linear model — J
E . . Ll
= Low-resolution adjoint model —» VJ
Iterative minimisation algorithm
= v + _l 6
Xip1 = %; S xf)

X, eeeeeeeeess »  High-resolution non-linear forecast



JMA 4DVAR (2022)

06UTC 09 12 15

High-resolution
NL Model

I Departures: d'") = y*) - Hflefl) I

Interpolation

Low-resolution

NL Model : Trajectory for inner-loop .
Low-resolution _ —
TL/AD Model Iteration to minimize J

Interpolation |

High-resolution

NL Model Trajectory
Cgley 2 _ ogp(2)(2)
Interpolation Departures: ;" = y;* — H;" x; I
Low-resolution . - Trajectory for inner-loop -
NL Model . . . .

Low-resolution
TL/AD Model

Interpolation

Increment
Ax(@)

NL: Non linear

TL: Tangent linear model High-resolution
AD: Adjoint model NL Model

https://www.jma.go.jp/jma/jma-eng/jma-center/nwp/outline2022-nwp/pdf/outline2022_02.pdf

< Environmental
J Prediction



Solver of JMA 4DVAR (2022)

> The limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)
algorithm (Liu and Nocedal 1989)

~ with Veersé’s preconditioner (Veersé et al. 2000)

: : AT ra—1
g ﬂlm MH} &x{!} HUIIM{JII_d{J} R{f} H. YA U} dm J“rm
Z Z Z: - d?) R (H )+ e (2.5.1)

AxY

i+1

M}ﬂmg” (i=0,...,n—1)

The penalty term, which is the third term of Eq. (2.5.1), is given by

. ] J 5 n J »
) _ (ny= (H
18 = Se|INg D AP+ Y NG ) Ax)| (2.5.7)
1=1 i=2 I=1
where N denotes an operator used to calculate the tendency of the gravity wave mode based on Machenhauer

(1977). a is an empirically determined constant 3.0 x 107?[s*/m?]. Although this penalty term is primarily
introduced to suppress gravity waves in the analysis increment, it is also effective in stabilizing calculation.

to be updated




JMS’s NWP System (2022)

Table 2.1.1: Specifications of 4D-Var in Global Analysis (GA)
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Table 2.1.2: Specifications of the Mesoscale Analysis (MA)

Analysis time

00, 06, 12, and 18 UTC

Analysis time

00,03, 06, 09, 12, 15, 18, and 21 UTC

Analysis scheme

Incremental hybrid 4D-Var using LETKF

Data cut-off time

2 hours and 20 minutes for early run analysis at 00, 06, 12, and 18 UTC
11 hours and 50 minutes for cycle run analysis at 00 and 12 UTC

Analysis scheme

Incremental 4D-Var using a nonlinear forward model in the inner step with low
resolution

Data cut-off time

50 minutes for analysis at 00, 03, 06, 09, 12, 15, 18, and 21 UTC

7 hours and 50 minutes for cycle run analysis at 06 and 18 UTC First guess 3-hour forecast produced by ASUCA
First guess 6-hour forecast by the GSM Domain configuration Japan and its surrounding area
Domain configuration Globe (Outer step) Lambert projection: 5 km at 60°N and 30°N, 817 x 661
(Outer step) TL959, Reduced Gaussian grid, roughly equivalent to 0.1875 ° (20 km) Grid point (1, 1) is at the northwest corner of the domain.

[1920 (tropic) — 60 (polar) | x 960

Grid point (565, 445) is at 140°E, 30°N

(Inner step)

TL319, Reduced Gaussian grid, roughly equivalent to 0.5625 © (55 km)
[640 (tropic) — 60 (polar) ] x 320

Vertical coordinate

o-p hybrid

(Inner step)

Lambert projection: 15 km at 60°N and 30°N, 273 x 221
Grid point (1, 1) is at the northwest corner of the domain.
Grid point (189, 149) is at 140°E, 30°N

Vertical levels

128 forecast model levels up to 0.01 hPa + surface

Vertical coordinate

z-z* hybrid

Analysis variables

Wind, surface pressure, specific humidity and temperature

Observation (as of 31
March 2021)

SYNOP, METAR, SHIP, BUOY, TEMP, PILOT, Wind Profiler, AIREP, AM-
DAR, Typhoon Bogus; atmospheric motion vectors (AMVs) from Himawari-
8, GOES-16 and Meteosat-[8, 11]; MODIS polar AMVs from Terra satel-
lite; AVHRR polar AMVs from NOAA and Metop satellites; LEO-GEO
AMVs; ocean surface wind from Metop-[A, B, C]/ASCAT and ScatSat-
1/OSCAT; radiances from NOAA-15/AMSU-A, NOAA-[18, 19]/ATOVS,
Metop-[A, B, CJ/ATOVS, Aqua/AMSU-A, DMSP-F[17, 18]/SSMIS, Suomi-
NPP/ATMS, NOAA-20/ATMS, GCOM-W/AMSR2, GPM-core/GMI, Megha-
Tropiques/SAPHIR, Aqua/AIRS, Metop-[A, BJ/IASI, Suomi-NPP/CrlS, and
NOAA-20/CrIS; clear sky radiances from the water vapor channels (WV-CSRs)
of Himawari-8, GOES-16 and Meteosat-[8, 11]; GNSS RO bending angle data
from Metop-[A, B]/GRAS and TerraSAR-X/IGOR; zenith total delay data from
ground-based GNSS

Vertical levels

(Outer step) 76 levels up to 21.8 km
(Inner step) 38 levels up to 21.8 km

Analysis variables

Wind, potential temperature, surface pressure, pseudo-relative humidity, soil
temperature and soil volumetric water content

Observations (as of 31
March 2021)

SYNOP, SHIP, BUOY, TEMP, PILOT, Wind Profiler, Weather Doppler radar
(radial velocity, reflectivity), AIREP, AMDAR, Typhoon Bogus; AMVs
from Himawari-8; ocean surface wind from Metop-[A, B]J/ASCAT; radiances
from NOAA-15/AMSU-A, NOAA-[18, 19]/ATOVS, Metop-[A, BJJATOVS,
Aqua/AMSU-A, DMSP-F[17, 18]/SSMIS, GCOM-W/AMSR2 and GPM-
core/GMI; clear sky radiances from the water vapor channels (WV-CSRs) of
Himawari-8; Radar/Raingauge-Analyzed Precipitation; precipitation retrievals
from DMSP-F[17, 18]/SSMIS, GCOM-W/AMSR?2 and GPM-core/GMI; GPM-
core/DPR; GNSS RO refractivity data from Metop-[A, B]/GRAS, TerraSAR-
X/IGOR and TanDEM-X/IGOR; Total Precipitable Water Vapor from ground-
based GNSS

Assimilation window

6 hours

Assimilation window

3 hours




4DVARs in ECMWF & JMA

ECMWEF (2015)

Outer loop: High-res. NL

(O1) high-res. NL model

(02) departure: d?~? = y? — H;(M;)o(Xo))

(O3) get TLM and ADJ models based on
the trajectory of high-res. NL model

Inner loop: Low-res. TLM & ADJ
(I1T) Cost and its gradient

Lo rp-1
J(6%,) z55)(0]30 6Xg
k

1 T 21 40—
_ZE(HiMi|05xo _d? b) Ri ld? b.
i=1

k
V] = 351(5)(0) - Z MiT|0HiTRi_1d?_b
i=1

(12) BGGS to update 6%,

(O4) update analysis x, = x¢ + 6%

A

iteration ————

/

JMA (2022)

Outer loop: High- & Low-res. NL

(O1) high-res. NL model

(02) departure: d?~? = y? — H;(M;)0(Xo))

(O3) low-res. NL model

(O4) get TLM and ADJ models based on
the trajectory of low-res. NL model

Inner loop: Low-res. TLM & ADJ
(I1T) Cost and its gradient

1o rp-1
J(6%,) z55)(0130 6Xg
K

1 T 21 40—
_z E (HiMi|06X0 — d? b) Ri 1d? b.
i=1

k
V] = 361(5)(0) - z MiT|0HiTRi_1dio_b
i=1

(12) BGGS to update 6%,

(O4) update analysis x, = X, + 0%,

\

/

Use Low-res. NL that is consistent with TLM & ADJ
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Cost Function

Andersson et al. (2005)

JX,)

Figure 1. Schematic of the inner/outer solution algorithm, in which the full nonlinear problem, with a
non-quadratic cost-function (full line) is solved through a succession of N linear problems, with
quadratic cost-functions (dashed), approximating the original problem (from Laroche and Gauthier,

1998). The N re-linearizations constitute the outer-loop, while iterative minimisation of each of the linear
problems constitutes the inner loops.



Regularization

> (1) Penalty term for gravity wave
> Not to regulate small increments for fitting to obs

> (2) incremental form

> Smoothed TLM in the inner loop
> Low-resolution
> Regulated non-linear terms

» >the smoothed TLM makes cost function smoother



Standard 4DVAR
4D-Var Observations ~ |\ (yO’ R)

First Guess

= From Forecast
X0 X Last AN w/o DA
Q Data Assimilation Window > time

Cost Function

k
1 1
J(xo) = > (% — x8)TBal(x0 —x5) + 2 5 (H;(M};0(x0)) — ¥ )TRi_l(Hi(Muo(Xo)) -y?)
i=1

Jacobian from the latest trajectory

Gradient (updated by outer loop)

aJ
d(Xo)

M;0(): nonlinear model from t=0 to t=i, H;(): nonlinear obs. operator at t=i

TRy (H; (Myj0(%0)) — y7)

k
~ Byt (%) + 7 M{ ---M/_,M/_
i=1




Outer & inner-loop 4DVAR
4D-Var Observations ~ |\ (yO’ R)

First Guess

From Forecast
X0 XQ ast AN w/o D;A

> time

do_b =y — H; (Ml|0(x8))

Data Assimilation Windo

Cost Function

J(6x) = —(5x0 + 6%0)TByL(6x8 + 6%,) + Z (H;M;)06%, —df ™" ! R (H;M; 0%, — d?77)
i= from the latest trajectory
Gradient (updated by outer loop)
k
d]

~ By1(6x§ + 6%,) + Z M - MiT_zMiT_lHiTRi‘l(HiMilocho —d??)
i=1

9(5%,)

M;0(): nonlinear model from t=0 to t=i, H;(): nonlinear obs. operator at t=i
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DA Study w/ 40-variable Lorenz-96

Lorenz-96 model (Lorenz 1996) Forj 1..N Xj:ij
dX; /dt = (Xjy1 —Xi—2)Xj-1 — X; + F
Advection term Dissipation term Forcing term

NERETN « T — 2 FHCEREEAT OFE = — X

Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

By : @5 N¥EE7 1 Lorenz @ 40 =74 (LUF L96; Lorenz 1996) # {#i - THEED
F—AREFEEALCEEL, ke aEBETI. T—FALr A7 A EFERIC, 0062
—FAVITEILT, NFEETV v 77— 2F{biclid 2 EBAL TEx 5 ) BRI
2ERT 5,

Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
going to perform various experiments with multiple data assimilation (DA) methods. By
actually coding a data assimilation system from scratch, you will acquire practically "usable”

basic techniques related to mechanical modeling and data assimilation.
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Text Books
@ Train

B O B szse

ing Description pswd: ceres

’ o 4
NN NEREFNA + F— % FULEREEA OBE = — =
WRE WHRAT FHEAR A>n—

[ty —— pe 7en Training Course of Dynamical Model and Data Assimilation

January 31, 2020, Shunji Kotsuki
updated 2020/03/19, 2020/06/29, 2021/07/15

B

il

@
-
<

C {3 https:/kotsuki-lab.com/education/intern

BB : @5 .0%EF 0 Lorenz @ 40 BEEF 4 (LUF L96; Lorenz 1996) #{# » T D
F—AM{LFEEALEREL, Ry OERLITI. T—2RLry 27 L %2FERIC, 06
—FAvrTac ke, NEEF) w77 —2RHEICET 2 B TEx 5 | BEHEGT

HOME - FE-HREAl - FEAH

, (T A,
7 Purpose: Using the 40-variable dynamical a.k.a. Lorenz-96 (L96; Lorenz 1996), we are
// going to perform various experiments with multiple data assimilation (DA) methods. By
== A=y -
HEITVICDOWT /7 actually coding a data assimilation system from scratch, you will acquire practically "usahle"
// basic techniques related to mechanical modeling and data assimilation.
o RRELLTEBLTVEHEIL T YO—BERRALTLET. s
o FathrdHbELLES.I55( kotsuki.lablat)gmail.com }EFTITEB L, /
B ﬂ‘jw‘E‘Adf)fmrr‘}‘-mw-r'uétxglofﬂmﬁmzd sxoes, 7 y-F. 3 LTofErB6FEEL, L Tnw <, #AEEL77» 74— Liilbik
P v, TFRED MTG T, SEAEFEHRE L. FESEENL T 8RRz MTG
RREALN—@F / oftd, BEGHEZ G0 5. EAFEC2LTE, Fich 2k dhg, TAHEREO%E
% EREMCRoALTR BRGNS ORI ST, // 57z python 23 F b, T HEE TR A ERHECo—F 4 v 27T 2H, Thuk,
o —RICARMTNBERICEZOT. IS Review - MELTLIEY, IB'E'H:.E}T'J"% kl‘tf{ LTIFL ¢ ﬂlﬁ LTwE ﬁ“ﬁfﬁﬁﬂ'{" EX AR

R ; /
o MADER/LLIZ.BABR ERICHIARII—HIL TR TS . -
- Method: Implement and solve the following problems yourself. Any programing languages or

platforms can be used in this exercise. At the Kotsuki Lab. mtg, each personnel will report the
Training Course progress, and try to solve the problems. Questions are accepted during the MTG as well as at
the office when necessary. As for the programing language, python, which is easy to perform

Data Assimilation matrix operations, is recommended unless specific language is preferred. Also, vou should

Training Course

code in double precision instead of single precision. Otherwise, confirming whether

T perfarming properly or not compared to the previous studies will not be possible.

Kotsuki Laboratory, CERaS, Chiba Univaraity

https://kotsuki-lab.com,

- https://kotsuki-lab.com/internal-pages/

<
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Advanced Task 4

4. HESEE S, WIRFEIEYE C [4 XotZorik]: 4 otz ke dids L. EnKF & T 5, 4
JOCEMEICE, TV ad v bEFAZRES A4, Enyic 40 x40 TH 0 IEE 7
NEERTATELH L, bLTVaA v bEFAZERSTE. ELORRIEE T L
T DECEFARTAZOLMEMAVD S L, o

4. Difficulty S, Scientific Extensionality C [4D variational method]: Implement the 4D

variational method and compare it with EnKF. In addition to constructing an adjoint

model, the 4D variational method also includes a method of approximately generating a
linear model of a 40 X 40 matrix. When building an adjoint model, it may be interesting

to see how 1t differs from an approximate linear model matrix. -



4DVAR Implementation

. --: background trajectory
Statet OI;‘e DA WII1C|0:N —: updated trajectory

Bl Background

B Analysis

tin t; tivn, time

Point 1: the observation should not
be assimilated more than once

i X:Smoother :
f ®: Filter correct <« > < > < >

X— X~ .
: : incorrect T —
s assimilated : —
in this cycle

Sttt

e ™ / L
t t < . . o
?nothﬁzsclryncﬁ ) Point 3: Smoother is more accurate than filter

is DA’ed by the last cycle compared w/ other filters (e.g. KF)




RMSEs in DA window
RMSE of 4DVAR (window : 2 day)

1.4
DA window Larger RMSE for later time | ™~ smoother
(2 days) in 4DVAR windo filter
1.2 <=
1.0-
Smoother solutions
A 0.8 is more accurate
= than filter solutions
ad 0.6 Smaller RMSE for earlier time
) in 4DVAR window
0.4 -
0.2
0.0 1— . . | ‘ .
0) 10 20 30 40
time (days)

DA window: 2 days, B;=0.15, BFGS of Scipy



Sensitivity to B and window

when B is diagonal matrix.

Analysis RMSE of filters are compared

4DVAR (Nobs=40)

W E3E
s=UL =
0.35 B;=0.20 =
0.3 |
I-ImJ "
S 025% 2 { ’
o 02| 1 2 (]
0.15 |
0.1 ' ' ' ' '
2 3 4 5 6 7 8

Time window (day)

Kotsuki

0.55 - . B I= 0.1 A - =
« B=0.15
e e R e e e e R
B B=0.2
vdsr il —B=apt-— e b e ' B
from KF's ave |
th 0-40 i s G S B G e
= i
€ 035 S Rt i Ausm s Mo e e
0.30 +-- | ------------;------------'------------i- ----------------------- *--
0.25 —g ————————— . ——————————————————————— ‘ ————————— . ——————————— '
0.20 |90 W — - ! - -----------------------
2 3 4 5 (7] 7 8
tme (@ay) T, Saito
RMSE of 4DVAR
0.40
b_ii = 0.10
0.35- b ii = 0.15
b_ii = 0.20
0.30
v
£ 0.25
o
0.201
0.151
0.10

2 4

6 8
Time window (day) F. Kawasaki

Environmental
Prediction
Science
Laboratory




Sensitivity to Obs. Network

Case 1: The Num. Obs. = X O &3 O 3 O &3 O
homogeneous
Case 2: The Num. Obs. = X O O O \\ X $3 &3
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Iterations of 4DVAR (20 DAs)

Scipy BFGS

4000

terminated when

j+1
6X0

-

20001

1000

Hand-write BFGS

420
400
380
360 ]
3401 |
320

terminated when
V]| < 10~*

—_—

300
2801

Cost Function (window : 2 day)
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Gradient (window

: 2 day)
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Experimental Setting

>~ Focus on one DA by 4DVAR w/ Lorenz 96

NL Experiment QUO: 4DVAR

Nonlinear Model Nonlinear Model

N1

(N2) departure: d? =" = y? — H;(M;0(Xo)) (N2) departure: d? =" = y? — H;(M;)o(Xo))
(N3) get TLM and ADJ models (N3) get TLM and ADJ models

(il-o_b = d?_b — HiMi|O5X0

(NT) employ L96 model fcst \ (NT1) employ L96 model fcst

Linearized Model —
(LT) Cost and its gradikent

Linearized Model -
(LT) Cost and its gradisnt

1 1
] ~5oxiBytex, + Y = (de7) Ry g
k i=1
V] = 351(53(0) - Z MiT|oHiTRi_1d?_b
i=1

1 1,. .
J ~ 5 0%, By 0% + z > (d¢~") 'Rty
k i=1 :
) ~ B (9x0) = ) MU, H/R; )
i=1

- ——iteration——

(L2) BGGS to update 6%, / (L2) BGGS to update 6%,

(N4) update analysis x, = x, + 6%, (N4) update analysis x, = X, + 6%

QUO: Quadratic unconstrained optimization



Estimating only two vars

- we estimate only x 0 and x1 among 40 vars

> For x2-39, truth is used for computing J and grad J
~ While analysis increment is obtained for 40 vars, only x0 and x1 are updated
over the iteration

» XE:
» X2=x39(Jtruthz={EF>TC. JOX MIOEZEETE
» Grad() (40T E. x0EXTTE T ZEFR




Cost function & Iteration

Contour of ] at 54 day

-430.0
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5.0
/ —N True
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4.0 -
I_|I
>
3.5]
3D T \ \\\\ . Wy g x’f
AN of NL is closer to True than AN of QUO because
(1) Updating TLM and ADJ around the trajectory
55 (2) Nonlinear model is used for departure
5.0 5.5 6.0 6.5 7.0 7.5

X0

353.9
353.7

353.5
w/o

QUO

440.0

-410.0

380.0

368.0
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353.0
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Comparison of solvers

Scipy BFGS (default)

Hand-write BFGS w/ Armijo

Contour of | at 54 day

Contour of | at 54 day

5.0 5.0 — —440.0
/ = True / ) e True -430.0
4.5 AN (w/) 4.5 ® AN (w/)
AN (w/0) ® AN(w/o) | [390.0 [l3g09
| ' " - 1376.0 |
4.0 4.0 | 13680
9 — —1+368.0 |
>< [ > ] |
3.5 3.5 13600 3580
B 356.0 13539
3.01 _ 3.0{ _ 13539 | ]
‘ - \ - - — - 1352.3
WS ; AN 13537 [
2515 - 6_0 _ ~ o 2.5 - L 13535 Ll352.0
. o 5.0 55 GOXOG.S 7.0 75 o o

E=02(0<é<])
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tT=010<1<1)



Sensitivity

= o;

to Armijo params

Contour of ] at 54 day

Contour of | at 54 day

Contour of | at 54 day
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\ °
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a5 |1 [FF RN | a5 7 a5 |1 [FTF
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5.0 5.5 6.0 6.5 7.0 7.5°5.0 5.5 6.0 6.5 7.0 7.5 5.0 5.5 6.0 6.5 7.0
X_0 X 0 X_0

Larger & reduces increments of an iteration
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Sensitivity to Armijo params

LargerT Increases increments Of an iteration | [3900 :380-0
e - 1368.0
- 1368.0 |
:7360.0 5-358.0
* =090 <a) 3200 Hss30
* §=05(0<¢8< o I P
:_353.5 :—352.0




Tips for implementations
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For hand-write 4DVAR

> (1) to test BFGS w/ a simple problem

guasi-Newton method quasi-Newton method
251 —_ f(x)=x4—8x{+16 ' 2> flx)=x*-8x2+16
_ l _
50 Xo=075 : ~ Xo=0.75
—_— = XO — 1.5 I -—t- XO = 1.5
15 -4- Xg=3.0 : 15| -4&- Xo=3.0
= S
10 I 10
I
5 1 | 5 1
I
I
O' I 07 \
-3 -2 -1 0 1.0 1.5 2.0 2.5 3.0
X X

> (2) to test BFGS w/ 3DVAR

> (3) to test BFGS w/ 4DVAR



(2) BFGS for 3DVAR (L96)

3DVAR can be solved by deterministically or iteratively by BFGS
Jx)= -(X x2)TB~1(x — xP)+ ~ —(Hx) —y)'RTH(HX) —y7)

0J(X) _ - oOH _
(0= B! (x—xP) + (S DTRT(H(X) — y?)

RMSE of 3DVAR

2.0
BFGS —— Not Opt.
deterministic Opt.
1.51
n
21.0
o
0.5 -
0.0

0 50 100 150 200 250 300
time (days)
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Presented by Shunji Kotsuki
(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/
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