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Goal

‣To understand computational complexity (CC)

‣To understand CC of the LETKF



Computational Complexity



Note: Different notations

Hunt et al. (2007) This Slide 

Ensemble size 𝑘𝑘 𝑚𝑚

# of model grid points 𝑚𝑚[𝑔𝑔] 𝑛𝑛

# of observations 𝑙𝑙[𝑔𝑔] 𝑝𝑝

# of local observations 𝑙𝑙 𝑝𝑝𝐿𝐿

NOTE: The notation of this slide is different from Hunt et al. (2007)
so as to be consistent with other slides on data assimilation



Miyoshi’s implementation
to compute 𝐻𝐻(𝐱𝐱𝑡𝑡

𝑏𝑏 𝑘𝑘 ) by applying  𝐻𝐻 to members  𝐱𝐱𝑡𝑡
𝑏𝑏 𝑘𝑘

loop for analysis grid points (l=1, n)
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Step B

Step A

Step C

Step F

to compute  𝐘𝐘𝑡𝑡𝑏𝑏 ≈ 𝐻𝐻 𝐗𝐗𝑡𝑡𝑏𝑏 − 𝐻𝐻 𝐗𝐗𝑡𝑡𝑏𝑏 � 𝟏𝟏

to compute  𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏 = 𝐗𝐗𝑡𝑡𝑏𝑏 − �𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏

Step D

Step E

to search local observations

to compute  (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1

to compute  (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1𝐘𝐘𝑡𝑡𝑏𝑏

to compute  �𝐏𝐏𝜏𝜏𝑎𝑎 and  𝐖𝐖 by the EVD
�𝐏𝐏𝑡𝑡𝑎𝑎 = 𝑚𝑚− 1 𝐈𝐈 + (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1𝐘𝐘𝑡𝑡𝑏𝑏

−1 = 𝚲𝚲𝚪𝚪𝚲𝚲𝑇𝑇

𝐖𝐖 = 𝑚𝑚 − 1 �𝐏𝐏𝑡𝑡𝑎𝑎
1/2 = 𝑚𝑚− 1 𝚲𝚲𝚪𝚪−1/2𝚲𝚲𝑇𝑇

to compute the transform matrix 𝐓𝐓
𝐓𝐓 = �𝐏𝐏𝑡𝑡𝑎𝑎 𝐘𝐘𝑡𝑡𝑏𝑏

𝑇𝑇𝐑𝐑𝑙𝑙−1 𝐲𝐲𝑡𝑡𝑜𝑜 − 𝐻𝐻 𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏 + 𝐖𝐖

to update ensemble  𝐗𝐗𝑡𝑡𝑎𝑎 = �𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏 + 𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏𝐓𝐓

Step G

Step H

Step I
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Overhead

Hunt et al. (2007)

to compute 𝐻𝐻(𝐱𝐱𝑡𝑡
𝑏𝑏 𝑘𝑘 ) by applying  𝐻𝐻 to members  𝐱𝐱𝑡𝑡

𝑏𝑏 𝑘𝑘

Step B

Step A

to compute  𝐘𝐘𝑡𝑡𝑏𝑏 ≈ 𝐻𝐻 𝐗𝐗𝑡𝑡𝑏𝑏 − 𝐻𝐻 𝐗𝐗𝑡𝑡𝑏𝑏 � 𝟏𝟏

Step A Step B

𝑚𝑚 applications of 𝐻𝐻

2𝑚𝑚𝑚𝑚

Step C to compute  𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏 = 𝐗𝐗𝑡𝑡𝑏𝑏 − �𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏

Step C

2𝑚𝑚𝑚𝑚

𝑚𝑚𝑚𝑚-times computations for 𝐻𝐻 𝐗𝐗𝑡𝑡𝑏𝑏 and 𝐘𝐘𝑡𝑡𝑏𝑏, respectively

𝑚𝑚𝑚𝑚-times computations for �𝐱𝐱𝑡𝑡𝑏𝑏and 𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏, respectively



Local Analysis (1)
Step D to search local observations



Local Analysis (2)

Step F

Step E to compute  (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1

to compute  (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1𝐘𝐘𝑡𝑡𝑏𝑏

Step E
Step F

𝑚𝑚𝑝𝑝𝐿𝐿

≤ 2𝑚𝑚2𝑝𝑝𝐿𝐿



Local Analysis (2)
to compute  �𝐏𝐏𝜏𝜏𝑎𝑎 and  𝐖𝐖 by the EVD

�𝐏𝐏𝑡𝑡𝑎𝑎 = 𝑚𝑚− 1 𝐈𝐈 + (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1𝐘𝐘𝑡𝑡𝑏𝑏
−1 = 𝚲𝚲𝚪𝚪𝚲𝚲𝑇𝑇

𝐖𝐖 = 𝑚𝑚 − 1 �𝐏𝐏𝑡𝑡𝑎𝑎
1/2 = 𝑚𝑚− 1 𝚲𝚲𝚪𝚪−1/2𝚲𝚲𝑇𝑇

to compute the transform matrix 𝐓𝐓
𝐓𝐓 = �𝐏𝐏𝑡𝑡𝑎𝑎 𝐘𝐘𝑡𝑡𝑏𝑏

𝑇𝑇𝐑𝐑𝑙𝑙−1 𝐲𝐲𝑡𝑡𝑜𝑜 − 𝐻𝐻 𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏 + 𝐖𝐖

Step G

Step H

𝑂𝑂(𝑚𝑚3)

𝑂𝑂(𝑚𝑚3)

≤ 3𝑚𝑚(𝑚𝑚 + 𝑝𝑝𝐿𝐿)

W of Step G Step H



Analysis Update
to update ensemble  𝐗𝐗𝑡𝑡𝑎𝑎 = �𝐱𝐱𝑡𝑡𝑏𝑏 � 𝟏𝟏 + 𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏𝐓𝐓Step I

Step I

2𝑚𝑚2𝑛𝑛



Summary

Step Computation Hunt et al. (2007) Kotsuki et al. (2022)

A to compute 𝐻𝐻(𝐱𝐱𝑡𝑡
𝑏𝑏 𝑘𝑘 ) 𝑚𝑚 applications of 𝐻𝐻 𝑚𝑚 applications of 𝐻𝐻

B to compute  𝐘𝐘𝑡𝑡𝑏𝑏 2𝑚𝑚𝑚𝑚 2𝑚𝑚𝑚𝑚

C to compute  𝛿𝛿𝐗𝐗𝑡𝑡𝑏𝑏 2𝑚𝑚𝑚𝑚 2𝑚𝑚𝑚𝑚

D to search local obs problem dependent problem dependent

E to compute  (𝐘𝐘𝑡𝑡𝑏𝑏)𝑇𝑇𝐑𝐑𝑙𝑙−1 𝑚𝑚𝑝𝑝𝐿𝐿 𝑚𝑚𝑝𝑝𝐿𝐿

F to compute  (𝐘𝐘𝑡𝑡
𝑓𝑓)𝑇𝑇𝐑𝐑𝑙𝑙−1𝐘𝐘𝑡𝑡

𝑓𝑓 ≤ 2𝑚𝑚2𝑝𝑝𝐿𝐿 ≤ 2𝑚𝑚2𝑝𝑝𝐿𝐿

G to compute  �𝐏𝐏𝜏𝜏𝑎𝑎 and  𝐖𝐖 𝑂𝑂(𝑚𝑚3) 𝑂𝑂(𝑚𝑚3)

H to compute the trans. mtx. 𝐓𝐓 ≤ 3𝑚𝑚(𝑚𝑚 + 𝑝𝑝𝐿𝐿) 𝑂𝑂 𝑚𝑚 𝑚𝑚 + 𝑝𝑝𝐿𝐿 (*1)

I to update ensemble  𝐗𝐗𝑡𝑡𝑎𝑎 2𝑚𝑚2𝑛𝑛 ≤ 2𝑚𝑚2𝑛𝑛 (*2)

*1: to be updated
*2: based on the Strassen algorithm



z
Presented by Shunji Kotsuki

(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/

Thank you for your attention!
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