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Degrees of Freedom for the Signal
(DFS)



Preparation: SVD of Observability Matrix

𝐆𝐆 = 𝐑𝐑−1/2𝐇𝐇𝐁𝐁1/2 = 𝐄𝐄𝚪𝚪1/2𝐂𝐂𝑇𝑇
SVD 𝐄𝐄 ∈ ℝ𝑝𝑝×𝑝𝑝, 𝚪𝚪1/2 ∈ ℝ𝑝𝑝×𝑛𝑛, 𝐂𝐂 ∈ ℝ𝑛𝑛×𝑛𝑛

𝚪𝚪1/2 = 𝚪𝚪𝑟𝑟
1
2 𝑶𝑶𝑟𝑟× 𝑛𝑛−𝑟𝑟

𝑶𝑶 𝑝𝑝−𝑟𝑟 ×𝑟𝑟 𝑶𝑶 𝑝𝑝−𝑟𝑟 × 𝑛𝑛−𝑟𝑟

here when 𝑟𝑟 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐆𝐆)

𝐄𝐄𝚪𝚪1/2 = 𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟
1/2 𝑶𝑶𝑝𝑝× 𝑛𝑛−𝑟𝑟



DFS

𝐒𝐒 =
𝜕𝜕𝐲𝐲𝑎𝑎

𝜕𝜕𝐲𝐲𝑜𝑜
=

𝜕𝜕
𝜕𝜕𝐲𝐲𝑜𝑜

𝐇𝐇𝐱𝐱𝑎𝑎 =
𝜕𝜕
𝜕𝜕𝐲𝐲𝑜𝑜

𝐇𝐇𝐱𝐱𝑏𝑏 + 𝐇𝐇𝐇𝐇 𝐲𝐲𝑜𝑜 − 𝐇𝐇𝐱𝐱𝑏𝑏 = 𝐇𝐇𝐇𝐇

𝐷𝐷𝐷𝐷𝐷𝐷 = 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇 𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇 + 𝐑𝐑 −1)

𝐷𝐷𝐷𝐷𝐷𝐷 ≡ 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐒𝐒)

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇𝐑𝐑−1/2 𝐑𝐑−1/2𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇𝐑𝐑−1/2 + 𝐈𝐈 −1)𝐑𝐑−1/2

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐑𝐑−1/2𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇𝐑𝐑−1/2 𝐑𝐑−1/2𝐇𝐇𝐁𝐁𝐇𝐇𝑇𝑇𝐑𝐑−1/2 + 𝐈𝐈 −1) trace𝐀𝐀𝐁𝐁 = trace𝐁𝐁𝐀𝐀

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐆𝐆𝐆𝐆𝑇𝑇 𝐆𝐆𝐆𝐆𝑇𝑇 + 𝐈𝐈 −1)
where 𝐆𝐆 = 𝐑𝐑−1/2𝐇𝐇𝐁𝐁1/2 observability matrix

= 𝐄𝐄𝚪𝚪1/2(𝐄𝐄𝚪𝚪1/2)𝑇𝑇= 𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇
= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 + 𝐈𝐈 −1)



DFS (cont’d)
Using Sherman-Morrison-Woodbury formula

𝐀𝐀 + 𝐁𝐁𝐁𝐁𝐂𝐂 −1 = 𝐀𝐀−1 − 𝐀𝐀−1𝐁𝐁 𝐁𝐁−1 + 𝐂𝐂𝐀𝐀−1𝐁𝐁 −1𝐂𝐂𝐀𝐀−1

𝐷𝐷𝐷𝐷𝐷𝐷 = 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 𝐈𝐈 + 𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 −1)

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐄𝐄𝑟𝑟𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 𝐈𝐈 − 𝐄𝐄𝑟𝑟 𝚪𝚪𝑟𝑟−1 + 𝐄𝐄𝑟𝑟𝑇𝑇𝐄𝐄𝑟𝑟 −1𝐄𝐄𝑟𝑟𝑇𝑇 )

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐄𝐄𝑟𝑟 𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇 − 𝚪𝚪𝑟𝑟𝐄𝐄𝑟𝑟𝑇𝑇𝐄𝐄𝑟𝑟 𝚪𝚪𝑟𝑟−1 + 𝐈𝐈 −1𝐄𝐄𝑟𝑟𝑇𝑇 )

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝐄𝐄𝑟𝑟 𝚪𝚪𝑟𝑟 − 𝚪𝚪𝑟𝑟 𝚪𝚪𝑟𝑟−1 + 𝐈𝐈 −1 𝐄𝐄𝑟𝑟𝑇𝑇)

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝚪𝚪𝑟𝑟 − 𝚪𝚪𝑟𝑟 𝚪𝚪𝑟𝑟−1 + 𝐈𝐈 −1)

= 𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡(𝚪𝚪𝑟𝑟 𝚪𝚪𝑟𝑟−1 + 𝐈𝐈 −1) = �
𝑖𝑖=1

𝑟𝑟
𝛾𝛾𝑖𝑖

1 + 𝛾𝛾𝑖𝑖



z
Presented by Shunji Kotsuki

(shunji.kotsuki@chiba-u.jp)

Further information is available at
https://kotsuki-lab.com/

Thank you for your attention!
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